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Introdu
tion

• Examines the identi�
ation power of Nash equilibrium assumptions.
• Compare results by dropping Nash equilibrium and using only onlyrationalizability.

• Three examples are 
onsidered:� 2x2 game of 
omplete information (e.g., Bresnahan and Reiss (1991)),� 2x2 game of in
omplete information,� First pri
e au
tion with independent private values.
• Given a random sample, what 
an we learn about a parameter of interest usingonly level-k rationalizability.
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Equilibrium Con
epts
• In simultaneous-move games, players attempt to predi
t what their rivals willplay and a
t a

ordingly.

• A Nash equilibrium o

urs when players' expe
tations are are 
onsistentwith their opponents' a
tions.

• A Rationalizable strategy is a best response to some pro�le of one'sopponents' strategies.

• Nash ⊆ Rationalizable.
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Behavioral assumptions
• Players use proper subje
tive probability distributions in analyzing un
ertainevents,

• Players are expe
ted utility maximizers,

• The rules and stru
ture of the game are 
ommon knowledge.
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Rationalizability

• A strategy pro�le for player i is dominated if there exists another strategythat is better regardless of what other players do.
• Given a pro�le of strategies of player i's opponents, s−i, a strategy si forplayer i is a best response if it is better than any other strategy given s−i.

• Let Si(0) denote the set of player i's strategies.
• We say si ∈ Si(0) is a level-1 rational strategy for player i if ∃s−i ∈

S−i(0) su
h that si is a best response. Let Si(1) denote the set of su
hstrategies.

• We say si ∈ Si(1) is a level-2 rational strategy for player i if ∃s−i ∈
S−i(1) su
h that si is a best response.

• And so on. . .
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I. 2x2 Game of Complete Information
a2 = 0 a2 = 1

a1 = 0 (0, 0) (0, t2)

a1 = 1 (t1, 0) (t1 + α1, t2 + α2)

• Standard 2x2 normal-form game.
• Given a sample {yi1, yi2}N

i=1 of market stru
tures (entry de
isions) in Nindependent markets.

• We want to learn about the joint distribution of (t1, t2) as well as theparameters α1 and α2.
• Assume that α1, α2 ≤ 0.
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I. Level-1 rationality
• If t1 + α1 ≥ 0, then a1 = 1 is a dominant strategy for player 1.
• If t1 < 0, a1 = 0, then is a dominant strategy.
• If t1 + α1 ≤ 0 ≤ t1, then both a1 = 0 and a1 = 0 are level-1 rational. Theyare best responses, respe
tively, when player 2 plays 1 or 0.
• Similarly for player 2.
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I. Level-1 Rationality: Predi
tions
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I. Level-2 rationality
• Consider the region (t1, t2) ∈ [−α1,∞) × [0,−α2].
• R(1) = {{1}, {0, 1}}

• Player 2 believes player 1 will play a1 = 1 with probability 1.
• a2 = 0 is a best response.

• We 
an eliminate a2 = 1 at level 2.
• R(k) = {{1}, {0}} for k ≥ 2.
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I. Inferen
e

• Suppose we know the out
ome probabilities P (0, 0), . . . , P (1, 1).
• Obje
t of interest: θ = (α1, α2, F (·, ·)).

• F (·, ·) is the joint distribution of (t1, t2).
• Level-1 rationality implies the following restri
tions on θ:

Pr(t1 ≥ −α1, t2 ≥ −α2) ≤ P (1, 1) ≤ Pr(t1 ≥ 0, t2 ≥ 0)

Pr(t1 ≤ 0, t2 ≤ 0) ≤ P (0, 0) ≤ Pr(t1 ≤ −α1, t2 ≤ α2)

Pr(t1 ≥ −α1, t2 ≤ 0) ≤ P (1, 0) ≤ Pr(t1 ≥ 0, t2 ≤ −α2)

Pr(t1 ≤ 0, t2 ≥ −α2) ≤ P (0, 1) ≤ Pr(t1 ≤ −α1, t2 ≥ 0)

• The identi�ed set ΘI is the set of all θ whi
h satisfy these inequalities.

• The model point identi�es θ if ΘI is a singleton.
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II. 2x2 Game of In
omplete Information
a2 = 0 a2 = 1

a1 = 0 (0, 0) (0, t2)

a1 = 1 (t1, 0) (t1 + α1, t2 + α2)

• Now assume that t1 and t2 are private information.
• Common prior assumption on the joint distribution of (t1, t2).
• Players have beliefs about their opponents' a
tions, 
onditional on their owntype: Pt1 ≡ Pr(a2 = 1|t1).

• As before, assume that αp ≤ 0 for p = 1, 2.
• The expe
ted payo�s are now:

U(ai, Pti
) =

{

ti + αiPti

if ai = 1

0 otherwise
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II. Rationality

• Consider only threshold strategies: Yp = 1{tp ≥ µp} for p = 1, 2.
• Beliefs are thus probability distributions for µ−p given Ip (whi
h in
ludes tp):

Ĝp(µ−p|Ip).

• The 
on
ept of rationality now has to a

ount for level-k rational beliefs.

• Level-k rationalizable beliefs Ĝp(µ−p|Ip) assign zero probability to stri
tlydominated strategies by player −p.
• A strategy by player p is level-k rationalizable if it is a best response givenlevel-k rationalizable beliefs:

Yp = 1

{

tp + αp

∫

S(Ĝp)

E [1{t−p ≥ µ}|Ip, µ] dĜp(µ|Ip) ≥ 0

}

• The support S(Ĝp) of by applying iterated elimination of dominated strategies.
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II. Level-1 rationality
• For any belief fun
tion, the following must hold eventwise:

1{tp + αp ≥ 0} ≤ 1{Yp = 1} and 1{tp < 0} ≤ 1{Yp = 0}

• All other de
ision rules are stri
tly dominated for all possible beliefs.
• The above inequalities imply

Pr(tp + αp ≥ 0) ≤ Pr(tp ≥ µp) ≤ Pr(tp ≥ 0)or simply, µp ∈ [0,−αp].
• This is the set of level-1 rationalizable strategies.
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II. Level-2 rationality
• Level 2 rationalizable beliefs:� assign zero probability to stri
tly dominated strategies µp /∈ [0,−αp],� satisfy Ĝ(0|Ip) = 0 and Ĝ(−αp|Ip) = 1.
• Level 2 rationalizable strategies are:� level 1 rationalizable (i.e., 0 ≤ µp ≤ −αp),� best responses given level-2 rational beliefs.
• A strategy Yp = 1{tp ≥ µp} is level-2 rationalizable if

µp = −αp

∫ −α−p

0

E [1{t−p ≥ µ}|Ip, µ] dĜp(µ|Ip)
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II. Level-k rationalityWe 
an summarize the set of level-k rationalizable strategies in the 
lass ofthreshold strategies Yp = 1{tp ≥ µp} as follows:
• For k = 1 and p ∈ {1, 2},

µp ∈ [µL
p,k, µU

p,k] ≡ [0,−αp]

• For k > 1 and p ∈ {1, 2},
µp ∈ [µL

p,k, µU
p,k] ≡

[

−αp E
[

1{t−p ≥ µU
−p,k−1}|Ip

]

,

− αp E
[

1{t−p ≥ µL
−p,k−1}|Ip

]

]
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II. A Parametri
 Model
• Let tp = X⊤

p βp − εp for p ∈ {1, 2} where Xp is observable to the resear
herbut εp is not. We wish to estimate βp.

• For simpli
ity, ε1 and ε2 are independent and εp ∼ Hp(·).
• Player p knows εp and believes ε−p ∼ H−p(·).
• We now pro
eeds as follows:1. Develop an obje
tive fun
tion whi
h 
an be used to 
onstru
t the identi�edset ΘI,2. Dis
uss identi�
ation of k,3. Provide su�
ient 
onditions for point identi�
ation.
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II. Iterative Constru
tion of Beliefs
• We iteratively 
onstru
t bounds on the beliefs Pr(Y−p|I):

πL
−p(θ|k,I) ≤ Pr(Y−p|I) ≤ πU

−p(θ|k,I).

• Initialize πL
−p(θ|k = 1,I) = 0 and πU

−p(θ|k = 1,I) = 1.
• Then for ea
h k > 1 and ea
h p ∈ {1, 2}:

πL
p (θ|k,I) = Hp

(

X⊤
p βp + αpπ

U
−p(θ|k − 1, I)

)

,

πU
p (θ|k,I) = Hp

(

X⊤
p βp + αpπ

L
−p(θ|k − 1,I)

)

.

• It follows that
[

πL
−p(θ|k,I), πU

−p(θ|k,I)
]

⊆
[

πL
−p(θ|k − 1, I), πU

−p(θ|k − 1, I)
] a.s.
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II. Iterative Belief Constru
tion Example
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II. Finding the Identi�ed Set
• Player p is k-rational if and only if

1

n

X
⊤
p βp + αpπ

U
−p(θ|k,I) ≥ εp

o

≤ 1
˘

Yp = 1
¯

≤ 1

n

X
⊤
p βp + αpπ

L
−p(θ|k,I) ≥ εp

o

• We 
an use this relationship as a basis for inferen
e.
• Given some k, let Wp ≡ (Xp,I) and let a, b ∈ R

dim(Wp):
Λp(θ|a, b, k) = E
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• Then de�ne

Γp(θ|k) =

∫∫

Λp(θ|a, b, k) dFWp(a) dFWp(b)and

Γ(θ|k) = (Γ1(θ|k), Γ2(θ|k))
⊤
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II. Finding the Identi�ed Set
• We 
an use the previous expression to 
onstru
t an obje
tive fun
tion.
• For some positive de�nite matrix Ω,

Θ(k) =

{

θ ∈ arg min
θ

Q(θ|k) ≡ arg min
θ

Γ(θ|k)⊤ΩΓ(θ|k)

}

.

• By 
onstru
tion, Θ(k + 1) ⊆ Θ(k) for all k.
• Given a random sample, we 
an use set inferen
e methods to 
onstru
t anestimator for Θ(k).
• As 
ompared with Nash equilibrium, we do not have to solve a �xed pointproblem. The iterative restri
tions imposed by rationality are 
omputationallysimple by 
omparison.
• For any k, Θ(k) is guaranteed to 
ontain the BNE.
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II. Inferen
e on the Rationality Level
• A sample 
an also inform us about the level of rationality k.
• Suppose all players are at most k0-rational.
• The level-k0 bounds should hold a.e. but the level-(k0 + 1) bounds may beviolated.

• We 
an pro
eed as follows:� Constru
t Θ(1),� De�ne Q̃(k) = minθ∈Θ(1) Q(θ|k),� Q̃(k) = 0 for k ≤ k0 but Q̃(k) > 0 if k > k0.
• Thus, if Q̃(k) > 0 and Q̃(k − 1) = 0 we 
an reje
t k0 = k.
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II. Point Identi�
ation Under Level-1 Rationality
• Suppose players are level-1 rational.

• Suppose Xp has full rank for p ∈ {1, 2}. Let Xd,p and Xl,p denote,respe
tively, regressors with bounded and unbounded support and let βd,p and
βl,p be the 
orresponding 
oe�
ients. Finally, de�ne X ≡ (X1, X2).

• βl,p is identi�ed if for ea
h p, there is a 
ontinuous Xl,p with nonzero βl,p andunbounded support 
onditional on X−l,p su
h that for any c ∈ (0, 1), b 6= 0and q ∈ R
dim(X−l,p), there exists Cb,q,m > 0 su
h that

Pr(εp ≤ bXl,p + q⊤X−l,p|X) > mfor all Xl,p and sgn(b) · Xl,p > Cb,q,m.
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II. Point Identi�
ation Under Level-1 Rationality
• βd,p is identi�ed if for any αp, βd,p, β̃d,p ∈ Θ with β̃d,p 6= βd,p,

Pr

(

∣

∣

∣
X⊤

d,p(βd,p − β̃d,p)
∣

∣

∣
> |αp|

∣

∣

∣

∣

X−d,p

)

> 0.

• If the above two properties hold, and for any ∆ > 0, there exists X∆ ∈ S(Xp)su
h that Pr(Yp = 1|X) < Pr(εp ≤ X⊤
p βb0 + αp0|X) + ∆ whenever

Xp ∈ X∆, then the identi�ed set for αp is {αp ≤ αp0}.
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III. First Pri
e IPV Au
tion
• Many symmetri
, risk-neutral potential buyers.
• Bids are made simultaneously for a single good.
• Fo
us on independent private values (IPV) vi.
• Obje
t of interest: F0(·), the distribution of private values.
• F0(·) is 
ommon knowledge among all players; has support [0, ω).
• For simpli
ity, assume the reserve pri
e is p0 = 0.
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III. Interim Rationality
• Point identi�
ation in BNE 
ase established by Guerre, Perrigne and Vuong(2000).

• Here, the equilibrium assumption is relaxed following Battigalli and Sinis
al
hi's(2003).

• Buyers under interim rationality :� rational,� expe
ted utility maximizers,� strategi
ally sophisti
ated to a parti
ular degree k,� have beliefs that may or may not be �
orre
t.�
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III. Assumptions on Beliefs
• Bidders expe
t that any positive bid will win with positive probability:� No player will bid higher than vi,� Ea
h bidder with vi > 0 will submit a stri
tly positive bid.� The number of potential bidders N equals the number of a
tual bidders a.s.

• Beliefs only assign positive probability to in
reasing bidding fun
tions.

• The spa
e of all su
h fun
tions is
B = {b(·) : [0, ω) → R+|b(v) ≤ v and v > w ⇒ b(v) > b(w)}.
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III. Level-1 Rationality
• Player i's problem is

max
b≥0

(vi − b)P̂ri

[

max
j 6=i

b(vj) ≤ b

]

.

• Here, P̂ri denotes player i's beliefs about v−i.
• Level-1 rational bid satisfy

b ≤ vi ≡ B̄1(vi,N ).

• Any bid show any bid below vi is level-1 rational (and thus we 
annot boundbids from below).
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III. Level-2 Rationality
• The worst 
ase s
enario for player i is that for all j,

b(vj) = B̄1(vj,N ) = vj.

• Expe
ted utility in this 
ase is

max
b≥0

(vi−b)P̂ri

[

max
j 6=i

B̄1(vj,N ) ≤ b

]

= max
b≥0

(vi−b)F0(b)
N−1 ≡ π2(vi,N ).

• π2(vi,N ) is thus a lower bound over all beliefs. The upper bound is (vi − b).

• Thus, rational bids must satisfy
vi − b ≥ π2(vi,N )or

b ≤ vi − π2(vi,N ) ≡ B̄2(vi,N ).
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III. Level-k Rationality
• Pro
eeding re
ursively, one 
an show that at level-k,

bi ≤ vi − πk(vi,N ) ≡ B̄k(vi,N )where

πk(vi,N ) = max
b≥0

(vi − b)F0

(

S̄k−1(b,N )
)N−1and

S̄k−1(b,N ) ≡ B̄−1
k (·,N ).

• We know that B̄k(·,N ) ≥ bBNE(·,N ) for all k. Furthermore, bidding below

bBNE is rationalizable for all k.
• That is, the predi
tive power of k-rationality in this model is signi�
antly lessthan that of BNE.
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III. Identi�
ation with Level-1 Rationality
• Suppose F0 lies in the spa
e of log-
on
ave, absolutely 
ontinuous distributionfun
tions on [0, ω).

• We are given a sample of L au
tions and want to re
over F .
• The model predi
ts that level-1 rational bids satisfy 0 ≤ bi ≤ vi for all

i = 1, . . . ,N .

• The bi's are observed but the vi's are not, but we 
an still bound F :

F0(t, θ) ≡ Pr(v ≤ t) ≤ Pr(b ≤ t) ≡ Gb(t).

• Empiri
al strategy: bound the distribution of valuations using the empiri
aldistribution of bids.
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III. Identi�
ation with Level-k Rationality
• Continue for k > 1 using the bounds derived above.
• We 
an derive an obje
tive fun
tion as before:

Λ(θ|a, c, k) =

∫

(

1 − 1
{

Fb(b) ≥ F
(

S̄k(b,N|θ), θ
)})

1 {a ≤ b ≤ c} dFb(b)

Λ(θ|k) =

∫∫

Λ(θ|a, c, k) dFb(a) dFb(c)

Θ(k) =

{

θ ∈ Θ : θ ∈ arg min
θ∈Θ

Γ(θ|k)2
}
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Con
lusion

• Look at identi�
ation power of Nash equilibrium by 
omparing to level-krationality.

• Derivation of identi�ed set and 
orresponding obje
tive fun
tions for 
ondu
tinginferen
e.

• Three 
ases:� 2x2 game of 
omplete information,� 2x2 game of in
omplete information,� �rst pri
e au
tion.
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