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Abstract. This paper considers the theoretical, computational, and econometric prop-
erties of continuous time dynamic discrete choice games with stochastically sequential
moves, introduced by Arcidiacono, Bayer, Blevins, and Ellickson (2016). We consider iden-
tification of the rate of move arrivals, which was assumed to be known in previous work,
as well as a generalized version with heterogeneous move arrival rates. We re-establish
conditions for existence of a Markov perfect equilibrium in the generalized model and
consider identification of the model primitives with only discrete time data sampled
at fixed intervals. Three foundational example models are considered: a single agent
renewal model, a dynamic entry and exit model, and a quality ladder model. Through
these examples we examine the computational and statistical properties of estimators via
Monte Carlo experiments and an empirical example using data from Rust (1987). The
experiments show how parameter estimates behave when moving from continuous time
data to discrete time data of decreasing frequency and the computational feasibility as
the number of firms grows. The empirical example highlights the impact of allowing

decision rates to vary.
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1. Introduction

This paper studies continuous-time econometric models of dynamic discrete choice games.
Work on continuous-time dynamic games by Doraszelski and Judd (2012), Arcidiacono,
Bayer, Blevins, and Ellickson (2016) (henceforth ABBE), and others was motivated by their
ability to allow researchers to compute and estimate more realistic, large-scale games and
to carry out complex counterfactual policy experiments which were previously infeasible
due to computational limitations.

Given the practical and conceptual benefits of continuous-time models, this paper
considers identification and estimation of the rate of move arrivals in the original ABBE
model, where it was assumed known. We also consider identification in a generalized
model with additional heterogeneity through firm- and state-specific move arrival rates.
We demonstrate these specifications via three canonical models: a single agent renewal
model, a dynamic entry and exit model, and a quality ladder model. We carry out an
empirical illustration using the original data of Rust (1987) to estimate a continuous-time
model with heterogeneous move arrival rates across states and compare with the restricted
form of the original ABBE model. Based on the estimates, we conduct Monte Carlo
experiments to investigate the effects of estimating the model using discrete-time data of
varying frequencies. Using the quality ladder model, we conduct Monte Carlo experiments
to examine the computational feasibility as the number of firms grows.

For many economic models there is no natural, fixed time interval at which agents
make decisions. Despite this, it is standard practice for applied researchers to calibrate

the decision interval in their empirical model to be equal to the sampling interval of their
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data. However, continuous-time modeling offers more flexibility by allowing agents to
make decisions asynchronously at stochastic points in time. This approach eliminates
simultaneous moves and introduces sequential decision-making, which better aligns with
real-world scenarios in many cases and leads to significant computational advantages.

Another advantage of continuous-time modeling is the reduction of multiple equilibria
by eliminating simultaneous moves. While it does not completely eliminate multiplicity,
this simplifies estimation and the ability to conduct meaningful counterfactual simulations.
Therefore, another benefit of allowing for heterogeneity in move arrival rates is to reduce
symmetry in the model and thereby remove another source of multiplicity.

Modeling economic processes in continuous time dates back several decades to work in
time series econometrics by Phillips (1972, 1973), Sims (1971), Geweke (1978), and Geweke,
Marshall, and Zarkin (1986) and work on longitudinal models by Heckman and Singer
(1986). Despite this early work on continuous-time models, discrete-time models became
the de facto standard for dynamic discrete choice and now have a long, successful history
in structural applied microeconometrics starting with the work of Gotz and McCall (1980),
Miller (1984), Pakes (1986), Rust (1987), and Wolpin (1984). A recent series of papers
(Aguirregabiria and Mira, 2007; Bajari, Benkard, and Levin, 2007; Pakes, Ostrovsky, and
Berry, 2007; Pesendorfer and Schmidt-Dengler, 2008) have shown how to extend two-step
estimation techniques, originally developed by Hotz and Miller (1993) and Hotz, Miller,
Sanders, and Smith (1994), to more complex multi-agent settings. The computation of
multi-agent models remains formidable, despite a growing number of methods for solving
for equilibria (Pakes and McGuire, 1994, 2001; Doraszelski and Satterthwaite, 2010).

Dynamic decision problems are inherently complex and high-dimensional, especially
in strategic games where multiple players interact. In discrete-time models, simultaneous
actions introduce further complexity, as one must calculate expectations over all possible
combinations of rivals” actions. This exponentially increases the number of future states to
evaluate, making it infeasible to compute equilibrium in many economic environments.
This has severely limited the scale and degree of heterogeneity in applied work using these

methods.



Doraszelski and Judd (2012) showed that continuous-time models enjoy significant
computational advantages. By eliminating simultaneous moves, the model ensures that
state changes occur sequentially. Expectations over rival actions grow linearly with
the number of players, rather than exponentially. As a result, continuous-time models
significantly reduce the computational burden, allowing for faster and more scalable
computation of equilibria.

ABBE demonstrated the empirical tractability of continuous-time games. They devel-
oped an econometric model retaining the aforementioned computational advantages while
incorporating familiar features from discrete-time discrete choice models. They proposed
a two-step conditional choice probability (CCP) estimator for their model, connecting
continuous-time games with an established line of work on discrete-time dynamic games.
They showed it is feasible to estimate extremely large-scale games and carry out counterfac-
tuals in those games, which would be computationally prohibitive in a simultaneous-move,
discrete-time model. ABBE illustrated these advantages through an empirical application
analyzing Walmart’s entry into the U.S. supermarket industry.

However, ABBE’s identification results did not address identification of the rate of
move arrivals. Here, we treat it as a structural parameter to identify and allow it to
depend on the model state and player identity, with certain restrictions. These results are
important empirically, to allow flexibility in the frequency of decisions in the model as
separate from the frequency of observations in the data. As we show empirically using
Rust (1987)’s original data, allowing and estimating varying decision rates can avoid bias
in other structural parameters, such as costs, and improve our interpretation of results.

This paper builds on Blevins (2017), which addressed identification of the reduced
forms of continuous-time models using discrete-time data. While that work considered
tirst-order linear systems of stochastic differential equations, we apply those results to a
specific class of finite-state Markov jump processes generated by our structural model.
We develop linear restrictions for our model that satisfy the conditions of Theorem 1 of
Blevins (2017) to identify the continuous-time reduced form of our model. We also address

the question of identifying the structural primitives of our model.



Similar continuous-time models have since been used in a growing number of applica-
tions including Takahashi (2015) to movie theaters, Deng and Mela (2018) to TV viewership
and advertising, Nevskaya and Albuquerque (2019) to online games, Agarwal, Ashlagi,
Rees, Somaini, and Waldinger (2021) to allocation of donor kidneys, Jeziorski (2022) to the
U.S. radio industry, Schiraldi, Smith, and Takahashi (2012) to supermarkets in the U.K.,
Lee, Roberts, and Sweeting (2012) to baseball tickets, Cosman (2017) to bars in Chicago,
Mazur (2023) to the U.S. airline industry, Kim (2022) to the U.S. retail banking industry,
and Qin, Vitorino, and John (2024) to airline networks in China.

The remainder of this paper is organized as follows. In Section 2, we review a
generalized version of the ABBE model in which move arrival rates may vary by player
and state. We establish a linear representation of the value function in terms of CCPs as
well as the existence of a Markov perfect equilibrium. We then develop new identification
results for the model in Section 3. We use two canonical examples throughout the paper
to illustrate our results: a single agent renewal model based on Rust (1987) and a 2 x 2
entry model similar to models used by Aguirregabiria and Mira (2007), Pesendorfer and
Schmidt-Dengler (2008), and others. Finally, in Section 4 we examine the computational

and econometric properties via a series of Monte Carlo experiments. Section 5 concludes.

2. Continuous-Time Dynamic Discrete Choice Games

We consider infinite horizon discrete games in continuous time indexed by t € [0, o0) with
N players indexed by i = 1,..., N. We introduce a heterogeneous generalization of the
ABBE model, where players may have different discount rates and move arrival rates
across states. After formalizing the structural model, we establish a linear representation
of the value function in terms of CCPs and existence of a Markov perfect equilibrium. We

conclude the section with a comparison of discrete- and continuous-time models.

2.1. State Space

At any instant, the payoff-relevant market conditions can be summarized by a state vector

x € X with K = |Z| < co. Each state x € & contains information about the market
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structure (e.g., which players are active, the quality of each player) and market conditions
(e.g., demographic and geographic characteristics, input prices).

States x are typically L-dimensional vectors in RY, with components that represent
player-specific states and market characteristics. For example, x = (x1,...,xn,d) where
x; are player-specific states (e.g., incumbency status or number of stores) and d is an
exogenous market characteristic (e.g., population or demand level).

Because the state space is finite there is an equivalent encoded state space representation
F ={1,...,K}. Although X is the most natural way to interpret the state, using # allows

us to easily vectorize payoffs, value functions, and other quantities.

Renewal Example. Consider a continuous-time version of the single-agent renewal model of
Rust (1987). The manager of a municipal bus company faces a dynamic decision about when
to replace a bus engine. Replacement incurs an immediate cost but resets the engine’s mileage,
reducing maintenance costs and decreasing breakdown likelihood. A single discrete state variable
x € {x1,x2,...,xx} represents the accumulated engine mileage. In our empirical example, each
xy represents a mileage bin [5000 x (k —1),5000 x k), with K = 90 and a maximum of 450,000

miles. Without loss of generality, we can represent the mileage by an integer k € # = {1,...,K}.

2 x 2 Entry Example. As a second example, consider a simple model involving two firms
i € {1,2} who sell the same good or service, each deciding whether to enter or exit a market. Each
firm has two actions j € {0,1}. The choice j = 1 is a switching action: enter the market if inactive,
or exit the market if active, while j = O represents a continuation choice to remain active or inactive,
as the case may be. Firms observe their own and each other’s market activity status xix and xy,
along with an exogenous demand state d that can be high (H) or low (L).

The model is a two-firm entry game with a binary exogenous state variable. The state vector xy

contains x1x, xor € {0,1} and dy € {L, H}. The state space is
2 ={(0,0,L),(1,0,L),(0,1,L),(1,1,L), (0,0,H), (1,0,H), (0,1,H), (1,1, H)}.

We can represent this in encoded form as % = {1,2,3,4,5,6,7,8}. This representation will be

more analytically convenient to characterize the model.



Although our two running examples are simple, to better illustrate the ideas, in
Appendix A we introduce a third example: a quality ladder model of oligopoly dynamics

with heterogeneous firms based on the model of Ericson and Pakes (1995).1

2.2. Exogenous State Changes

The state of the model can evolve over time in response to exogenous events, which we
attribute to an artificial player referred to as “nature,” indexed by i = 0. This player is
responsible for state changes that cannot be attributed to the action of any other player
i > 0 (e.g., changes in population or per capita income). When the model is in state k, let
gx; denote the hazard rate for transitions to another state I # k. The rate q; may be zero if
direct transitions from k to I are not possible, or g;; may be some positive but finite value
representing the hazard rate of such a transition. Therefore, the overall rate at which the

system leaves state k for any other state [ # k is Z{;k Gxi-

Renewal Example (continued). Suppose the exogenous mileage transition process is characterized
by a rate parameter vy governing mileage increases to the next state. This rate is constant across

states for simplicity, so for all | # k we have

vy ifl=k+1,
qxi =
0 otherwise.

2 x 2 Entry Example (continued). In the 2 x 2 entry model, there are two exogenous states:
high demand (d = H) and low demand (d = L). Suppose nature switches from H to L at rate ynr,

and back to H at rate yry. Thus, we have

YHL Zfdk = Hand dl =1,
D) qu= YLH Zfdk =Landd, =H,

0 otherwise.

1As another example, Blevins and Kim (2024) specify a continuous-time version of the dynamic entry-exit
model of Aguirregabiria and Mira (2007).



2.3. Decisions & Endogenous State Changes

As in discrete time games, the players in our model can take actions that influence the
evolution of the state vector. Each player has | actions represented by the choice set
F ={0,1,2,...,] — 1}. When the model is in state k, the holding time until the next move
by player i is exponentially distributed with rate parameter Aj. In other words, decision
times for player i in state k occur according to a Poisson process with rate A;.. We assume
these processes are independent across players and the rates Aj are finite for all i and
k, reflecting the fact that monitoring the state and making decisions is costly, making
continuous monitoring infeasible.

In ABBE and previous applications of this framework, the rate of decisions was
assumed to be known by the researcher and to be constant across players and states. For
example, Ajx = 1 would correspond to a decision on average once per time unit. In this
paper, we consider the rates Aj to be structural parameters to be estimated. Additional
identifying restrictions will be required and therefore the specification of these rates will
be important.

Let h;j denote the rate at which player i takes action j in state k, with the overall decision
rate in state k satisfying Z]].;S hijx = Air. The choice-specific hazards are determined
endogenously in equilibrium as discussed in detail in the following sections. When
player i chooses action j, the state jumps immediately and deterministically from k to the
continuation state denoted by (i, j, k).

The assumption of deterministic state changes easily accommodates decisions such
as market entry, price adjustments, or construction of a new store, which are direct and
certain. Our framework can also accommodate stochastic outcomes if both the decision
and outcome are discrete, observable, and encoded in the state vector. The uncertainty of
the outcome can be attributed to “nature” and the rates of state changes that result would

be parameters of the exogenous state transition process discussed in the previous section.?

2Consider an example of R&D investment with an uncertain success rate. If the firm’s R&D investment is
an observable choice and encoded in the state vector (say, j € {0, 1} switches the firm’s R&D state x;, € {0,1})
and if the success is observable (say, a new product is either developed or not, Xip € {0,1}), then our model
allows this by treating the new product development as an uncertain outcome determined by nature, following
the R&D investment, with an estimable rate of success.



In most economic models, the actions of players only affect their individual components
of the overall state vector. For example, when a new firm enters a market it may change
the firm-specific activity indicator for that firm but not the level of demand in the market.
As we will discuss in more detail below, this leads to sparsity of the continuous time

model and helps with identification.

Renewal Example (continued). Since there is a single agent (N = 1), we drop the subscript i
from the notation for this example. Suppose the manager decides whether to replace a bus engine
(j = 1) or continue without replacing (j = 0). Hence, # = {0,1}. Continuation does not change

the state, but upon replacement the state resets immediately to k = 1, therefore

Kk ifj=0,

1 ifj=1

1(j, k) =

The agent makes decisions in each state k at times determined by an exogenous Poisson process
with rate parameter Ay. This process represents the distribution of times when the manager considers
whether to replace the engine of a bus in mileage state k. In a simple model, we may assume the
decision rate is constant across states: A, = A. Alternatively, we could allow that the manager

evaluates buses with higher mileage more frequently than those with lower mileage:

A ik<5,
A= L ifk<|3]

Ag otherwise.

In this case, Ar is the rate of evaluation of a low-mileage bus (in the lower half of states) and Ay is
the rate at which a bus with higher mileage is monitored.

Let hyy denote the reduced form hazard of engine replacement in state k. The rate of replacement
hyx plus the rate of continuation hyy in each state k must be such that hy, + hop = Ay. Before
discussing how these choice-specific hazards are determined optimally, we need to first formalize the

transition dynamics of the state vector and introduce the payoff functions of the players.

Remark. It is important to note that the endogenous hazards of specific actions hj, may



vary across states regardless of whether there is heterogeneity in move arrival rates Ay.
In practice one could assume the overall rate of decisions is constant across states: A;, =
An = A. This would imply the rate of (unobservable) non-replacement is hgx = A — hyj.
Even in this case, with a constant overall rate of decisions, the rates of replacement and
non-replacement are endogenous and vary across states. This is similar to the case of
discrete time models, where the sum of CCPs is necessarily constant and equal to one
while the individual choice probabilities vary across states. The continuous time model
allows another degree of flexibility in that the rate of move arrivals can be different from

one. Heterogeneity in A allows for even more flexible structures.

2 x 2 Entry Example (continued). In the 2 x 2 entry model, each firm i makes decisions
about entering or exiting the market in each state k at rates Aj. We may believe that firms are
heterogeneous, monitoring the market at different rates, but at possibly the same rate across states:
Aik = A;. Alternatively, one could specify a model where firms can monitor the market more (or

less) closely when demand is high (d = H) than when demand is low (d = L):

A ifd=1,
Aik =

Ag otherwise.

These are merely two examples. We consider a third possibility—a model where the move arrival

rates depend on the endogenous decisions of the players—in Appendix A.

2.4. Payoffs

In the continuous-time setting, we distinguish between the flow payoffs that a player
receives while the model remains in state k, denoted u;;, and the instantaneous choice-
specific payoffs from making choice j in state k at a decision time t, denoted c;j(t). The
instantaneous payoffs are additively separable as c;jx(t) = Wi + €;jx(t), where ;. is the
mean payoff and ¢;j(t) is a choice-specific unobserved payoff. Player i observes the vector
ex(t) = (sijk(t), j=0,....,]— 1) of choice-specific unobservables before choosing action ;.

All players and the researcher observe the state k, but only player i observes € (t).

10



Remark. Note that in discrete time models, because all actions and state changes resolve
simultaneously, the period payoffs are written as functions of the state, the unobservables,
and the actions of all players (e.g., ui(a1,...,an, Xt €;t)). In our continuous-time model, the
payoffs resulting from competition in the product market accrue as flows u;; in a specific

state k while the choice-specific payoffs c;j(t) accrue at the instant the decision is made.

Renewal Example (continued). In the renewal model the agent faces a dynamic, stochastic cost
minimization problem where the flow utility u; is the flow cost of operating a bus with mileage
k. For example, if the cost of mileage is B < 0 then a parametric flow utility function could be

ujx = Bk. No cost is paid to continue, but a cost u < 0 is paid to replace the engine:

0 ifj=0,

poifj=1

Yijk =

Following any choice j, the agent also receives the iid shock ¢, associated with that choice.

2.5. Assumptions

Before turning to the equilibrium, we pause and collect our assumptions so far.
Assumption 1 (Discrete States). The state space is finite: K = || < .

Assumption 2 (Discount Rates). The discount rates p; € (0,00),i =1,..., N are known.

Assumption 3 (Move Arrival Times). Move arrival times follow independent Poisson
processes with rate parameters Aj for each playeri =1,...,N and state k = 1,...,K and
gk for exogenous state changes from each state k to | # k due to nature, with 0 < Ay < oo,

0 < qu < oo, and ¥k Gt + L Amk > 0.

Assumption 4 (Bounded Payoffs). The flow payoffs and choice-specific payoffs satisfy
|ujx| < oo and |l,l),'jk} <ooforalli=1,...N,j=0,...,J—1,and k=1,...,K.

Assumption 5 (Additive Separability). The instantaneous payoffs are additively separable

as cijk(t) = Wik + €iji(t).
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Assumption 6 (Costless Continuation & Distinct Actions). For all i and k:
(@) I(i,j, k) = k and Pix =0for j =0,
(b) 1(i,j, k) #1(i,j,k) forall j =0,...,] —1and j' # j.

Assumption 7 (Private Information). The choice-specific shocks ¢ (t) are iid across players
i, states k, and decision times t. The joint distribution Fj is known and is absolutely

continuous with respect to Lebesgue measure, with finite first moments and support R/.

Assumptions 1-7 are generalized counterparts of Assumptions 1-4 of ABBE that allow
for player heterogeneity and state dependent rates.> Assumptions 1-5 were discussed
above. Assumption 6 formalizes that j = 0 is a costless continuation action and that
all choices are observationally distinct. The first part of Assumption 6 requires that if
an inaction decision which does not change the state, denoted j = 0, is included in the
choice set, then the instantaneous payoff associated with that choice must be zero.* This
is an identifying assumption. The second part of Assumption 6 requires actions to be
meaningfully distinct in the ways they change the state.

Finally, we formalize a common distributional assumption used in applied work. We
will use this assumption in examples and results throughout the paper for its tractability.

This assumption implies Assumption 7.

Assumption 8 (Type I Extreme Value Distribution). The choice-specific shocks €;(t) are
iid across players i, choices j, states k, and decision times t and are distributed according

to the standard Type I extreme value distribution.

3Speciﬁcally, Assumption 1 is equivalent to Assumption 1 of ABBE, Assumptions 2 and 3 generalize
Assumptions 2(a) and 2(b—) of ABBE, Assumption 4 is equivalent to Assumptions 2(d—e) of ABBE, and
Assumptions 5-6 are equivalent to Assumptions 3-4 of ABBE, and Assumption 7 generalizes Assumption 5 of
ABBE.

“The role of the choice j = 0 is similar to the role of the “outside good” in models of demand. Because not
all agents in the market are observed to purchase one of the goods in the model, their purchase is defined to
be the outside good.
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2.6. Strategies and Best Responses

A stationary Markov policy for player i is a function &; : % x R/ — £ : (k,eix) — 6;(k, eix)

mapping each state k and vector ¢ to an action. Associated with each policy J; are CCPs
@) Prldi(k,eix) = j | K.

Since firm i’s payoffs depend on rival shocks ¢,,jx only through their choices, it is sufficient
to consider beliefs in terms of CCPs. Let g;;, denote player i’s beliefs about player m: a
collection of | x K probabilities. Let ¢; = (Gi1,---,6ii-1,Giit1,---Gin) denote player i’s
beliefs about all other players. Finally, let Vi;(g;) denote player i’s expected present value
in state k when behaving optimally while rivals follow strategies consistent with beliefs ¢;.

The best response strategy for player i is
()  bi(k e, Gi) = arg max {’»”ijk + €ijk + Vit (Gi)} :

That is, at each decision time the best response function b; assigns the action that maximizes
the agent’s expected payoff. The quantities on the right side are the instantaneous payoff
Pijk + €;jx associated with choice j plus the present discounted value of payoffs that occur

in the continuation state I(i, j, k) arising when player i chooses action j in state k.

Remark. With discrete choices, the best response condition in (3) amounts to a threshold-
crossing model with an additively separable error term. Under Assumption 8 the best

response probabilities have a logistic functional form in terms of the value function:

exp (lPijk + Vit k) (Qz‘))
Yijeyexp (llh‘j'k + Vi k) (Qz‘))

(4) Pribi(k e, ci) =]kl =

2.7. Value Function

Given beliefs ¢; held by player i, we can define the value function (here, a K-vector)
Vi(gi) = (Via(gi),---, Vik(i)) " where the k-th element Vi (g;) is the present discounted

value of all future payoffs obtained when starting in some state k and behaving optimally

13



in future periods given beliefs ¢;. For a small time increment 7, under Assumption 3 the
probability of an event with rate Aj occurring is AjT. Given the discount rate p;, the
discount factor for such increments is 1/ (1 + p;7). Thus, for small time increments 7 the

present discounted value of being in state k is

J-1
(gz) 1+ 0iT Uik T + Z kuTVzl Gz + Z AmkT Z gzm]kvz l(m]k)(gz)
! 1#k m#i j=0

+AszEmaX {%k + €k + Vi ik (Gi } (1 - Z Ak T — ZkaT> ik(6i) +o(T)
17k

The o(7) term accounts for the probabilities of two or more Poisson events occurring
during the small interval T, which are proportional to T2 or smaller. Such probabilities
become negligible as T approaches zero, and thus can be ignored in the limit. Rearranging

and letting T — 0, we obtain the following recursive expression for Vi (g;):

1
wie + Y qia Vi (gi)+

5 Vilei) = g
®) k(6i) pi—|—zl7&qul+2m/\mk 1#k

Z Amk Z sz]kvz l(m]k)(gl) + AlkEmaX{lI)Z]k + Eijk +V l(uk)(gz)}
m#i j=0

The denominator contains the sum of the discount factor and the rates of all events that
might possibly change the state. The numerator is composed of the flow payoff for being
in state k, the rate-weighted values associated with exogenous state changes, the rate-
weighted values associated with states that occur after moves by rival players, and the
expected current and future value obtained when a move arrival for player i occurs in state

k. The expectation is taken with respect to the joint distribution of e = (gjo, - - -, €, ],Lk)T.

Remark. Note that the Emax term in (5) can be written in the usual “log-sum-exp” form

when the errors satisfy Assumption 8:

Emjax{%k + €k + Viggijp (6i)} = In Zexp <1Pijk + Viigi,jk (Qi)) '
j

Renewal Example (continued). In the renewal model, the value function can be expressed very

14



simply as follows (where the i subscript and beliefs have been omitted since N = 1):

Vi (g + 7 Vigr + A Emax {eox + Vi, pt + e + V1))

:p+7+A

2 x 2 Entry Example (continued). In the 2 x 2 entry model, the value function for player 1
in state k, where x; = (xy1, X2, dy) € {0,1} x {0,1} x {L, H}, can be expressed recursively as

(omitting beliefs ¢y for brevity):

1
o1+ {dy = Lyyig + H{dy = H}yur + Ak + Aok

Vik

X (”1k + Wk = L}viaVaomx + Hdk = H} e Vi o, + AwGi2ok Vi

+A2k6121k V1,1(2,1,k) + A1k Emax {EiOk + Vi, 1k + €11 + Vii,p) }) ,

where 1(0,H, k) and 1(0, L, k) are the continuation states when nature switches the level of demand

to H and L, respectively, when in state k. Gy is firm 1's belief about firm 2 choosing j.

2.8. Markov Perfect Equilibrium

Definition. A Markov perfect equilibrium is a collection of stationary Markov policy rules
{67} such that for each player i and for all (k, ej), 6; (k, i) = bi(k, ei, ;) and Gimjk =
Pr (65, (k, &) = j | k] for all m # i.

Following the literature, we focus on Markov perfect equilibria. The definition requires
that for each player i, §; is a best response in all states given the beliefs ¢; and that these
beliefs are consistent with the strategies ¢;, for each rival player m.

Following Milgrom and Weber (1985) and Aguirregabiria and Mira (2007), we charac-

terize Markov perfect equilibria in terms of equilibrium CCPs
(6) O'ijk =Pr [(5:‘ (k, eik) = ] ’ k] .

Henceforth, we will denote equilibrium choice probabilities and corresponding beliefs by

Tijk- Thus, 0 = (07, ...,0n) will denote a profile of equilibrium choice probabilities and
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o_; will denote the collection of rival choice probabilities that constitute player i’s beliefs.

ABBE proved that such an equilibrium exists when players share common move arrival
and discount rates and when the move arrival rates do not vary across states (i.e.,, Ajx = A
and p; = p for all i and k). The following theorem extends this to the present generalized

model with heterogeneity. The proof, and all others, appears in Appendix B.

Theorem 1. If Assumptions 1-7 hold, then a Markov perfect equilibrium exists.

2.9. Linear Representation of the Value Function

Before proceeding, we revisit one of the central results of ABBE (Proposition 2), a
continuous-time analog of Hotz and Miller (1993, Proposition 1) for discrete-time mod-
els. Restated below as Lemma 1, ABBE showed that differences in choice-specific value
functions—that is, [ijx + Viijx) ()] — [Wipk + Visgiox) (0)] for two choices j and j'—are

identified directly as functions of the CCPs o;.

Lemma 1 (ABBE, 2016, Proposition 2). Under Assumptions 1-7, for each player i, state k, and
choice j the choice-specific value function is identified, up to differences with respect to some baseline

choice j', as a function of the CCPs. Specifically, there exists a known function ® such that:

@) ik + Visgijo (@) = ik + Viggi, i (0) + 2, 1, o)

This result will prove useful for vectorizing the value function. Let Y (0y) denote
the transition matrix implied by the CCPs ¢, and the continuation state function I(m, -, -).
That is, the (k, 1) element of the matrix X,,(0y,) is the probability of transitioning from state
k to state I as a result of an action by player m given the CCPs 0,,. Let Qp = (g4;) denote
the intensity matrix for exogenous state transitions and let Qo = Qo — diag(q11,- - -, qkk)
be the matrix formed by taking Qo and setting the diagonal elements to zero.

With this notation and Lemma 1 in hand, following (5), for given equilibrium CCPs ¢

we define the operator I'V as

(8) r?(‘/l) = Di Uu; + QOVZ + Z Lmzm(gm)‘/z + Li {Zi(o—i)vi + Ci(ai)} s
m#£i
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where D; is the K x K diagonal matrix with elements (D; )i = 1/ (0; + Y2k 1 + YN Ak),
Ly, = diag(Ap1, ..., Amk) is a diagonal matrix containing the move arrival rates for player
m, Ci(07) is the K x 1 vector containing the ex-ante expected value of the instantaneous
payoff ¢;jx = Pijx + €;j for player i in each state k given the best response probabilities
;. That is, k-th element of C;(c;) is ]I;S ik [Wijk + eije(07)], where e (07) is the expected

value of ¢;j given that action j is chosen:

1 ,

eijk(07) = o /Eijk -1 {Eijfk — &ijk < Yije — ik + Vi i (0) = Vi i (0) V]/} dF(eix)-
1

By Lemma 1, the choice-specific value differences on the right-hand side are in turn

functions of player i's CCPs 0;. Hence, holding fixed the equilibrium beliefs o, the

corresponding value function is a fixed point of I'V: V; = T (V}).

Remark. Although e;jx(0;) involves a multivariate integral, Aguirregabiria and Mira (2002,
2007) established closed forms in terms of choice probabilities in two leading cases. For the
case of Assumption 8, we have e,-]-k(ai) = 7eEm — Inojj, where gy is the Euler-Mascheroni

constant (ygm ~ 0.5772). For | = 2 choices and ¢; ~ N(0,Q),°

Var (g;i) — Cov(eior, €i1x) @ (D (03))
Var(gix — €iok) Tijk

eijk(0;) =

4

where ® and ¢ denote, respectively, the standard normal cdf and pdf.

Collecting terms involving V; in (8) and solving leads to a linear representation of
the value function in terms of CCPs, rate parameters, and payoffs as formalized in the
following Theorem. This representation generalizes Proposition 6 of ABBE and forms the
basis of the identification result later in Section 3.3. It is analogous to a similar result for

discrete time games by Pesendorfer and Schmidt-Dengler (2008, eq. 6).

Theorem 2. If Assumptions 1-7 hold, then for a given collection of equilibrium choice probabilities

5See Aguirregabiria and Mira (2007) equation 13 and footnote 7 for details.
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o, Vi has the following linear representation for each i:

) Vi(o) = E7Y(0) [u; + LiCi(0y)] where

1

N
(10) Ei(0) = pilx + 2 Lin[Ix — Z(om)] — Qo

m=1

is a nonsingular K x K matrix and Ik is the K x K identity matrix.

2.10. Continuous Time Markov Jump Processes Representation

The model’s reduced form is a finite state Markov jump process, a stochastic process
X(t) indexed by t € [0,c0) taking values in a finite state space 2 = {1,...,K}. If we
observe this process at time t and state X(t), it remains in this state for a random duration
T before transitioning to another state X(t + 7). The duration 7 is the holding time. A
trajectory of this process is a piecewise-constant, right-continuous function of time. Jumps
occur according to a Poisson process and holding times between jumps are exponentially
distributed. For fundamental properties of Markov jump processes, see Karlin and Taylor
(1975, Section 4.8) or Chung (1967, part II).

A finite Markov jump process can be summarized by its intensity matrix or infinitesimal

generator matrix. Consider the intensity matrix for nature, Qy = (qy) where for k # I
Pr[X (t-+h)=1|X () =k]
h

g = limy,_o is the probability per unit of time that the system transitions
from state k to | and the diagonal elements are gy = — }_;£x g so that the row sums equal
zero. Holding times before leaving state k follow an exponential distribution with rate
parameter —gj. Conditional on leaving state k, the system transitions to state | # k with
probability qi/ Y g = =4/ G-

For discrete time data, the exact times when actions and state changes occur are
unobserved. With equispaced data (e.g., annual or quarterly) only the states at the
beginning and end of each period of length A are observed. Although we cannot know
the exact sequence of actions and state changes, the model allows us to determine the

likelihood of any transition occurring over a time interval of length A using the transition

matrix, denoted P(A).
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Let Py(A) = Pr[X(t+A) =1| X(t) = k] denote the probability that the system is in
state | after a period of length A given that it was initially in state k. The transition matrix
P(A) = (Py(A)) is the corresponding K x K matrix of these probabilities and is given by

the matrix exponential of the intensity matrix Q scaled by the time interval A:

ay p(a) = ep(a0) = 1 O
=

This is the matrix analog of the scalar exponential exp(x) for x € R.°
In the dynamic games we consider, the state space dynamics can be fully characterized
by N + 1 competing Markov jump processes with intensity matrices Qp, Q1, ..., Qn for

nature and each player. The aggregate intensity matrix is defined as Q = Qo+ Q1 + - - - + On.

Renewal Example (continued). Consider the Q matrix implied by the continuous-time single-
agent renewal model. The state variable in the model is the total accumulated mileage of a bus
engine, ¥ = {1,...,K}. The exogenous state transition process is characterized by a K x K

intensity matrix Qo on K with one parameter, vy, governing the rate of mileage increases:

_—’y ¥y 0 0 - 0_

0 —y o 0 --- 0
Qo =

0 0 - 9 0

0 o ... 0 —vy ¢«

|0 o ... O 0 0]

®Although we cannot calculate the infinite sum (11) exactly, we can compute exp(AQ) numerically using
known algorithms implemented in the Fortran package Expokit (Sidje, 1998) or the expm command in Matlab.
See Sherlock (2022) for recent discussion of the uniformization method.
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The intensity matrix for state changes induced by the agent is

0 0 0 ce 0 0
)\L0'12 —)LL0'12 0 cee 0 0
)\L(Tlg 0 —)\L(Tlg s 0 0
Q1=
AHOTK-1 0 0 <o —AROLK-1 0
)\Ha'lK 0 0 s 0 —/\HO'H(

The aggregate intensity matrix in this case is Q = Qo + Q1:

Aoy —Apo — 7y Y e 0 0
/\L0'13 0 —)LL0'13 -7 - 0 0
(12) Q=
AHO1K-1 0 0 crr —AHOLK-1— Y Y
| Anoik 0 0 0 —AHOK |

2 x 2 Entry Example (continued). Let hj, be the hazard of player i switching from active to
inactive or vice versa in state k. We have dropped the j subscript here for notational simplicity
since j = 0 does not change the state. Let yry and <ypy, be the rates at which nature switches
between demand states (i.e., demand moves from low to high at rate y ). The aggregate state space
dynamics are illustrated in Figure 1. Recall that the reduced form hazards hj, of firm i taking action

Jj = Lin state k are related to the structural quantities through the relation hy. = Aj0jj.
The state transition hazards can be characterized by an 8 x 8 intensity matrix Q. Note that

firms cannot change the demand state, firms cannot change each other’s states, and nature cannot
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Low Demand
hiy
(0,0,L) (1,0,L)
hi2
12 4
hoy | hos haoo hoy TH
High Demand
hiz his
(0,1, L) (1,1, L) (0,0, H) (1,0, H)
hia hie
T 4
L h25 }1,27 h2(,’ hzg
hir
(0,1, H) (1,1, H)
hig

Two demand states, L and H, two firms, and two choices (j = 0 continue, j = 1 switch). Reduced form
hazards hj;, denoting the rates of switching (j = 1), are related to the structural quantities as hj = Aj0j1k.

Ficure 1. Two Player Entry Game with Exogenous Demand State

change the firms’ states. Therefore, the overall intensity matrix is a sparse matrix of the form

| hi1 hy O |9 0 0 0 ]
hip - 0 hp| 0O 9 0 O
h)s 0 - h3| 0 0 9. O
13 Q= 0 hy hy -~ |0 0 0 7 ,
Y 0 0 0| - M5 hs O
0 9y¢ 0 0 |he - 0 by
0 0 99 0 |hy 0 -  hyy
0 0 0 g| O hyg hig

The diagonal elements have been omitted for brevity. Importantly, the locations of the nonzero
elements are distinct because the state-to-state communication patterns differ. Therefore, given Q

we can immediately determine Qo, Q1, and Q».
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2.11. Comparison with Discrete Time Models

We conclude with remarks on continuous time and discrete time models. First, consider a
typical discrete time model where agents move simultaneously and the period between
decisions is calibrated to the sampling period of the data. In an entry/exit setting where
the choice set is # = {0,1}, there is exactly one entry or exit decision per year. In discrete
time data, passive continuation actions are coded as active decisions, but in reality they
represent the absence of an active choice during the period. Consider a chain store setting
where the choice is the net number of stores to open during the year, # = {—],...,]}.
This implies at most | openings or closings per year. Hence, | must be chosen to be the
maximum number of possible stores opened or closed by any chain firm in any period.
Now consider a continuous time model with a common move arrival rate A for all
players and states. In the entry/exit setting, the choice set is still .# = {0,1} which implies
on average 1/ A entries or exits per year. Multiple entries and exits are allowed, and the
parameters imply a distribution over the number and type of such events. The choice set
represents possible instantaneous state changes, so in the chain store expansion example, if
no more than one store opens or closes simultaneously, we specify # = {—1,0,1}. This
implies on average at most 1/A openings or closings per year. In our continuous time model
the rate A is a free parameter that can adjust to match the data, not imposing an ad hoc
restriction on the number of actions per unit of time. The time-aggregated implications of
the continuous time model are not functionally different if we change the time period and

are unrelated to the sampling period, a feature of the data collection process.

3. Identification

Due to time aggregation, our identification analysis separates the data issue—that we may
only observe P(A) instead of Q—from recovering the structural parameter 6 from the
continuous-time reduced form Q. We proceed in two steps; researchers with continuous

time data can begin with the second step.” Deriving the structural model’s implications is

7 Although we take a sequential approach to identification, a direct approach from P(A) to 6 may also be
possible. While a sequential approach could, in principle, impose additional constraints when identifying Q
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P(A) — Q = {Qirhi} = {Ai/Uil‘/ill/)i/ui} — 0

Equispaced DT data CT reduced form CT structural primitives

FIGURE 2. Identification Analysis

a bottom-up exercise: the structural primitives u and ¥ imply value functions V which
imply choice probabilities o. These probabilities with move rates A and state transitions
by nature Qp imply an intensity matrix Q. Given the Q matrix and a sampling process,
this implies a data generating process. For a fixed sampling interval A the distribution of
observable data is P(A) = exp(AQ).

The identification problem requires us to consider the inverse problem. These steps are
represented in Figure 2. If the complete continuous time process is observable, then Q is
trivially identified and we can move to identification of the structural model. However, for
discrete time data we must use our knowledge of the data generating process, represented
by the transition matrix P(A) for an interval A, to derive conditions under which we can
uniquely determine the reduced form intensity matrix Q. We show this is possible under
mild conditions using restrictions that the structural model places on the Q matrix.

With Q in hand, we turn to the structural primitives of the model: the flow payoffs u
and instantaneous payoffs 1. We show that knowledge of Q allows us to recover these
structural primitives with a smaller number of additional identifying restrictions than are
required in discrete time models. This is due to the absence of simultaneous moves at any

given instant, which is also the source of the computational efficiency of the model.

3.1. Identification of Q

With continuous-time data, identification and estimation of the intensity matrix for finite-
state Markov jump processes is well-established (Billingsley, 1961). However, when a
continuous-time process is only sampled at discrete points in time, the parameters of the

underlying continuous-time model may not be point identified.® In the present model,

from P(A) that are unnecessary for directly identifying 6 from P(A), in this case we exploit non-parametric
structural restrictions from the model to identify Q in the first step, mitigating this concern.

8This is known as the aliasing problem and has been studied in the context of continuous-time systems of
stochastic differential equations (Sims, 1971; Phillips, 1973; Hansen and Sargent, 1983, 1991; Geweke, 1978;
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the concern is that there may be multiple Q matrices which give rise to the same data
generating process, which is the transition probability matrix P(A) in the case of fixed
sampling at an interval A.?

In discrete time settings, a similar identification problem is masked when assuming
the unknown frequency of moves equals the (known) sampling frequency (Hong, Li, and
Wang, 2015). Suppose agents move at intervals of length § with transition matrix Py while
the data sampling interval is A > . Then the mapping between the data (equispaced
observations at length A) and the transition matrix is: P(A) = POA/ %, Generally, there
are multiple solutions to this equation (Gantmacher, 1959; Singer and Spilerman, 1976),
meaning identification of Py is non-trivial.

Previous work on this identification problem seeks conditions on the observable
discrete-time transition matrix P(A). We briefly review these results in the next subsection,
but our approach is to show that one can identify Q via identifying restrictions on the
primitives of the underlying structural model and that such restrictions arise from the
model itself. These can be viewed as exclusion restrictions.

For example, in applications there are typically player-specific components of the state
vector where player i cannot change the player-specific state of player j and vice-versa.
In an entry-exit model, such a state is incumbency status: players can enter and exit by
their own action, but no player can enter or exit on behalf of another. Similarly, if the
state vector has components that are exogenous state variables, such as population, then
any state changes involving those variables must be due to nature and not by any player.
This natural structure implies many linear restrictions on the Q matrix. We show that
restrictions of this form serve to limit the domain of the mapping Q — exp(AQ) = P(A)

to guarantee the intensity matrix Q is identified.

Kessler and Rahbek, 2004; McCrorie, 2003; Blevins, 2017). See Figure 1 of Blevins (2017) for an illustration in
the frequency domain, where the problem is perhaps most obvious.

9A related issue is the embeddability problem: could the transition matrix P(A) have been generated by a
continuous-time Markov jump process for some intensity matrix Q or some discrete-time chain over fixed
time periods of length 6? This problem was first proposed by Elfving (1937). Kingman (1962) derived the set
of embeddable processes with K = 2 and Johansen (1974) gave an explicit description of the set for K = 3.
Singer and Spilerman (1976) summarize several known necessary conditions for embeddability involving
testable conditions on the determinant and eigenvalues of P(A). We assume throughout that the continuous
time model is well-specified and that such an intensity matrix exists.
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3.1.1. Identification of Unrestricted Q Matrices

Returning to identification of Q, recall that the question is whether there exists a unique
matrix Q that leads to the observed transition matrix P(A) = exp(AQ) when observations
are sampled at intervals of length A. The matrix logarithm In P(A) is not unique in general
(see Gantmacher, 1959; Singer and Spilerman, 1976), so the question amounts to finding
conditions for a unique solution.

Previous, mathematical treatments view the relationship exp(AQ) = P(A) from the
perspective of the transition matrix P(A). In such cases there is no underlying model that
generates Q, so Q itself is the primitive of interest and is unrestricted (subject to being a
valid intensity matrix). Most previous work focused on finding sufficient conditions on the
matrix P(A) to guarantee that In P(A) is unique. For example, if the eigenvalues of P(A)
are distinct, real, and positive, then Q is identified (Culver, 1966). More generally, Culver
(1966) proved that Q is identified if the eigenvalues of P(A) are positive and no elementary
divisor (Jordan block) of P(A) appears more than once. Other sufficient conditions include
ming{ P (A)} > 1/2 (Cuthbert, 1972) and det P(A) > e~ (Cuthbert, 1973). See Singer
and Spilerman (1976) for a summary.

Other conditions involve alternative sampling schemes. For example, Q is identified if
the sampling A is sufficiently small (Cuthbert, 1973; Singer and Spilerman, 1976, Hansen
and Sargent, 1983). Alternatively, Q is identified if the process is sampled at distinct
intervals A; and A, where Ay # kA for any integer k (Singer and Spilerman, 1976, 5.1).

The first conditions—restrictions on P(A)—are based on a “top down” approach and
are undesirable when Q is generated by an underlying model. The second conditions
are based on how the continuous time process is sampled, which cannot be changed if
data are already collected at regular intervals. Instead, we take a “bottom up” approach
which allows economic theory to inform our identification conditions via restrictions on
Q that guarantee uniqueness of In P(A). More compelling conditions involve cross-row
and cross-column restrictions on the Q matrix and known zeros of the Q matrix. Such

restrictions arise naturally once players, actions, and resulting state transitions are defined.
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3.1.2. Structural Restrictions for Identification of Q

The problem of identifying continuous time models with only discrete time data has
appeared previously in the econometrics literature, in work by Phillips (1973) on continuous
time regression models. He considered multivariate, continuous-time, time-homogeneous
regression models of the form y/'(t) = Ay(t) + ¢(t), where y(t) is an n x 1 vector and A is
an n x n structural matrix. He discussed the role of prior information on A and how it
can lead to identification. He showed that A is identified given discrete time observations
on y if A satisfies certain rank conditions.

Our identification strategy is inspired by this work, but our model differs because the Q
matrix is an intensity matrix (rather than an arbitrary matrix of regression coefficients) and
has sparse structure dictated by an underlying structural model. Yet, there are similarities:
the present model can be characterized by a system of differential equations, where the
intensity matrix Q plays a role similar to the matrix A. If Q is a valid intensity matrix,
then the functions P(A) solving this system are the transition matrices of continuous-time
stationary Markov chains (Chung, 1967, p. 251-257).

The structural model restricts Q to a lower-dimensional subspace since it is sparse and
must satisfy both within-row and across-row restrictions, and given the results above it
seems likely that these restrictions could lead to identification of Q. That is, even if there
are multiple matrix solutions to the equation P(A) = exp(AQ), it is unlikely that two of
them simultaneously satisfy the restrictions of the structural model. We return to the two

examples introduced previously to illustrate this idea.

Renewal Example (continued). In the single-agent renewal model the aggregate intensity matrix
is given in (12). The number of nonzero hazards is substantially less than the total. Consider
K = 90: there are 90> — 90 = 8,010 non-trivial state-to-state transitions. Only 178 are permitted
at any instant: 89 due to nature and 89 by player action. The remaining 7,832 transitions are not
possible in a single event. Nature cannot decrease mileage and can only increase it by one state
at a given instant (although multiple state jumps are possible over an interval). The agent can
only reset mileage to the initial state. Therefore, there are 7,832 known zeros of Q—mmore than

sufficient to uniquely identify Q. Given Q, we can separately determine both Qo and Qi. The

26



choice-specific hazards hyy are products of the move arrival rates and conditional choice probabilities,

which introduces shape restrictions on hy, = Aoy across states k.

2 x 2 Entry Example (continued). In the 2 x 2 x 2 entry example, the aggregate intensity
matrix is given by (13). Some transitions cannot happen at all, such as (0,1,L) to (1,0,L). The
remaining transitions can happen only due to the action of one of the firms, but not the other. For
example, moving from (0,0, H) to (1,0, H) is only possible if firm 1 chooses to become active. From
any state, the set of other states to which either firm can move the state as a result of an action is
limited naturally by the model and the definition of the state space. This structure yields intensity
matrices that are sparse, which makes identification of Q more likely even with time aggregation
since any observationally equivalent Q matrix must have the same sparsity pattern. Finally, given

Q we can again separately recover Qop, Q1, and Q.

Similar sparse structures arise in even models with large numbers of players and
millions of states, as in the application of ABBE. In light of this lower-dimensional structure,
we build on the results of Blevins (2017) who gave sufficient conditions for identification
in first-order linear systems of stochastic differential equations. We apply those results to
the case of finite-state Markov jump processes generated by our structural model.

The key insight is that structural restrictions on Q of the form Rvec(Q) = r can rule
out alternative solutions to the matrix exponential equation exp(AQ) = P(A). When there
are sufficiently many linearly independent restrictions, the intensity matrix Q is uniquely
identified. Adapting Theorem 1 of Blevins (2017) to finite-state Markov jump processes,
we require at least | ¥;! | linear restrictions when R has full rank.

The following theorem establishes that there are sufficiently many full rank restrictions
to identify Q in a broad class of games. This theorem includes exogenous market-specific
state variables and shows that such states increase the number of zero restrictions and

make identification of Q more likely, as do player-specific state variables.

Theorem 3 (Identification of Q). Suppose the state vector is x = (xg,x1,...,xXN) € Lo X X1 X
-+ - X XN where the component xog € 2y is an exogenous market characteristic taking |2p| = Ko

values and for each i = 1,..., N the component x; is a player-specific state affected only by the
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action of each player with | ;| = Ky possible distinct values. If Q has distinct eigenvalues that do
not differ by an integer multiple of 27ti/ A, then Q is identified when

1
(14) KoKN —Ko— NJ + 520
The quantity on the left is strictly increasing in Ky, strictly increasing in Ko when Ky > 1, and

strictly decreasing in J.

The sparsity of Q helps and is increasing in both the number of exogenous states Ky
and player-specific states K;, but decreasing in the number of choices J. Therefore, for
identification we need either a sufficiently large number of states or a sufficiently small
number of choices. Fortunately, in most applications | is small relative to K—particularly

in continuous time models as discussed in Section 2.11.

2 x 2 Entry Example (continued). Our running entry model example is a binary choice game

with N =2, ] =2, Ky =2, and Ky = 2, s0 by Theorem 3 Q is identified.

Furthermore, we can see that any binary choice game (N > 1 with | = 2) with
meaningful player-specific states (K; > 1) is identified, regardless of the number of
players or exogenous market states Ky. The sufficient condition in this case simplifies to
Ko(KN —1) > N— 3. When Ky > 1 and K; > 2 we have Ko(KN — 1) > 2NV — 1 which

exceeds N — % for integers N > 1.

3.1.3. Identification of Q;

Once the Q matrix is known—or in the case of continuous-time data, identified directly—
we need to ensure that in any particular state it does not represent a mixture over poten-
tially multiple equilibria. To guarantee this, we invoke an assumption corresponding to
Assumption 6 of ABBE, which was in turn a continuous-time version a similar assumption
required for identification and estimation of discrete time dynamic games (Bajari et al.,

2007; Aguirregabiria and Mira, 2007). See Aguirregabiria and Mira (2010) for a survey.

Assumption 9 (Multiple Equilibria). The continuous time data generating process is

such that in each state k = 1,...,K: (a) A single Markov perfect equilibrium is played
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corresponding with row k of the intensity matrix Q. (b) Players” expectations about the

distribution of state transitions are consistent with the intensity matrix Q.

In a model with a unique equilibrium—for example the single agent renewal model—
this assumption is satisfied trivially. In games, it requires that in any markets where the
game is in the same state, the same equilibrium is played. We need this assumption no
matter if we observe discrete time data from P(A), generated from some continuous-time
Q, or we observe continuous-time data generated from Q directly.

Next, we make the following assumption which requires that given the aggregate

intensity matrix Q, we can determine the player-specific intensity matrices Q;.
Assumption 10. The mapping Q — {Qo, Q1, ..., QOn} is known.

Assumption 10 can be easily verified by inspecting Q in both running examples
since players cannot change each other’s state variables and actions by nature can be
distinguished from player actions. Note that the diagonal elements are unimportant: if
the off-diagonal elements of each Q; can be identified from Q, then diagonal elements
equal the negative sum of the off-diagonal elements. In the renewal example Q is given in
(12) and for the two-player entry model in (13). A sufficient condition for Assumption 10
is that continuation states resulting from actions of different players are distinct: for all

players i and m # i and all states k,

UG,k :j=1..., ] -1 n{lmjk) :j=1,...,]-1} = 2.

3.2. Identification of Hazards, Value Functions and Payoffs

We now establish that the value functions, instantaneous payoffs, and utility functions are
identified. Let V; = (Vj,..., ViK)—r denote the K-vector of valuations for player i in each
state. Let ¢;j = (jj1, ..., Pijx) ' denote the K-vector of instantaneous payoffs for player i
making choice j in each state and let ¢; = (¢, ..., 1/22—]71)?

Importantly, we note that when j = 0 is a latent or unobserved continuation action,

it is not possible to identify the rates h;y even with continuous time data, so we cannot
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immediately treat them as identified quantities. Under Assumption 8, the relationship
between identified hazards h;j for j > 0 and the unknown quantities hjo, jjx, and Vi
takes the form of a log-linear system. Let ;" denote the vector of identified hazards for
choices j > 0 and h? = (hio1, ..., hiox) " denote the vector of unidentified hazards for the
continuation action j = 0. The hazards for choices j = 1,...,] — 1 are identified from Q,
but without additional restrictions, the system has 2K more unknowns than equations,
preventing identification of the remaining unknowns.

The following theorem shows that with 2K appropriate linear restrictions, all these
quantities can be identified. Notably, the number of restrictions required per player is
independent of the number of players in the game, so the total number of identifying
restrictions is only linear in N. This contrasts with discrete time models where the number

of restrictions needed is exponential in N (Pesendorfer and Schmidt-Dengler, 2008).

Theorem 4. Suppose Assumptions 1-10 hold. Then, for each player i the identified log hazards
Inh form a linear system with the unidentified quantities Inh?, y;, and V;. Augmented with

linear restrictions represented by a matrix R; and vector r;, the system becomes

In h?
Xi In h;“
ll]. — ,
Rl‘ Z ri
Vi

where X; is a known (] — 1)K x (] + 1)K matrix defined in (16). The matrix X; has rank (] — 1)K.
If R contains 2K additional full-rank restrictions such that [fﬂ has rank (] + 1)K, then h?, Vi,
and V; are identified.

It is helpful now to consider some examples. If we assume that the instantaneous
payoffs are constant across k, as in many applications of dynamic games, this implies
$ijk — Yy = 0 for all choices j > 0 and all states I # k, giving (] —1)(K — 1) restrictions
per player. When | = 2, we still need K + 1 additional restrictions. If we also assume the
move arrival rate is constant across state (Z]].;é hij = Z]I.;é hij for all I # k), we have K — 1

restrictions. Then even if | = 2, only 2 additional restrictions are needed.
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Additional full-rank restrictions are possible for certain applications. Examples include
states where the value function is known, e.g., if Vjx = 0 when a firm has permanently
exited. Exclusion restrictions of the form Vj; = Vj are possible, where k and k' are two
states that differ only by a rival-specific state and are payoff equivalent to firm i. In all of
these cases, the rank condition can be verified by inspection. We also note that Theorem 4
does not consider identification restrictions across players, but in practice these can provide

additional identifying restrictions.

Renewal Example (continued). In the single-agent renewal model, since the replacement cost
does not depend on the mileage state we have Py, = u for all k. This yields K — 1 restrictions of
full rank of the form 1 — P11 = 0 for k = 2,..., K. If we also assume the rate of move arrivals is
constant across two subsets of states (i.e., Ay and Ay), this yields K — 2 additional restrictions. The
linearity of the utility function also imposes restrictions on V, and although this does not fit in the

linear restriction framework of Theorem 4 it also contributes to identification of  and V.

2 x 2 Entry Example (continued). In the simple two-player entry-exit model, we may suppose
that the entry costs and scrap values are independent of the market state (high or low demand) and
whether a rival is present. In other words, i1 — 11 = O for all states k, yielding K — 1 restrictions
per player. Additionally, if we assume the rate of move arrivals is firm-specific (Aj = A;), this
yields K — 1 restrictions per player. Alternatively, we considered rates depending only on the level

of demand (Ap and Ay). This specification would yield K — 2 restrictions.

Finally, we note that in practice the overall rate of actions can be identified through the
nonlinear restrictions imposed by the distributional assumptions on the error term, which
imply shape restrictions on the choice probabilities across states. These are difficult to char-
acterize in the linear restriction framework we have used here, but in practice parametric

assumptions will aid identification in addition to the linear restrictions considered above.

3.3. Identification of the Payoffs

Having established the identification of value functions, instantaneous payoffs, and hazards,

we now turn to the identification of flow payoffs. The following theorem shows that these
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payoffs can be recovered from the previously identified quantities through the linear

representation of the value function in (9) established by Theorem 2.

Theorem 5 (Identification of Flow Payoffs). Suppose Assumptions 1-10 hold. If for any player
i the quantities V;, ¢;, and Q are identified, then the flow payoffs u; are also identified.

4. Empirical Example and Monte Carlo Experiments

In this section, we describe an empirical example along with a series of Monte Carlo
experiments conducted using the single-agent renewal model. Additional experiments

using a dynamic quality ladder model are presented in Appendix A.

4.1. Maximum Likelihood Estimation

The model can be estimated using maximum likelihood if equilibria can be enumerated
or there is a unique equilibrium. Since this paper focuses on identification, rather than
developing a new estimator, our Monte Carlo experiments use the maximum likelihood
estimator with value function iteration.!’ Multiplicity of equilibria is not a concern for
the single agent model and appears not to be an issue in practice for the continuous-time
oligopoly model specifications considered in the appendix, although we have not proven
that there is a unique equilibrium in the latter case.

However, in models with multiple equilibria, this maximum likelihood procedure,
which relies on value function iteration, is potentially unstable. In such cases, we recom-
mend two-step estimators that avoid this issue. ABBE introduced a two-step PML (pseudo
maximum likelihood) estimator, similar to the CCP estimator of Hotz and Miller (1993) for
discrete-time single-agent models. More recently, Blevins and Kim (2024) developed the
continuous time NPL (CTNPL) estimator, an iterative estimator following Aguirregabiria
and Mira (2007). However, these two-step methods assume the rate of move arrivals A is

known. Adapting them to the general case remains an open question for future research.

1%More generally, methods proposed for discrete time models, such as the homotopy method (Borkovsky,
Doraszelski, and Kryukov, 2010; Besanko, Doraszelski, Kryukov, and Satterthwaite, 2010; Bajari, Hong, Krainer,
and Nekipelov, 2010) or recursive lexicographical search (Iskhakov, Rust, and Schjerning, 2016), could possibly
be adapted to our model, but this is beyond the present scope.
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Similarly, other estimators for discrete time models such as those by Aguirregabiria and
Marcoux (2021) and Dearing and Blevins (2025) could be adapted to the current framework.
We focus on the maximum likelihood estimator for the empirical example and simula-
tions. This allows us to examine the computational properties and how estimates behave
when the sampling frequency of the data changes without two-step estimation error.
With continuous-time data, we have a sample of N tuples (T, in, an, kn, k). Each
describes a jump or move where: T, is the holding time since the previous event, i, is the
player index (i, = 0 is nature), a, is the action taken by player i,, k, denotes the state at
the time of the event, and k), denotes the state immediately after. Let g(7;A) and G(T;A)
denote the pdf and cdf of Expo(A). Let ¢,(6) denote the likelihood of observation #:

1{i,=0} 1{i,>0}
qo(kn,kn;e) / CIN(kn/kn;G) .
0,(0) = g(tw; q(kn, kn; 0 ————— - plkn, k,; 0 0 (in, an, ky; 0
(6) = gt ko)) | T pll ki) e ol )
Arrival time Transition CCpP
Event is jump Event is move

Here, q(k,k’;60) denotes the absolute value of the (k, k') element of Q(0) for given param-
eters 6. qo(k,k’;0) and gy (k, k';0) similarly denote elements of Qy and YN, Q;. p(k,K;6)
denotes the probability of a jump from k to kK’ conditional on a jump occurring. The full

log-likelihood of the sample of N observations on [0, T] is
CT Al
InLE'(0) = ) Int,(0) +1In[1 — G(T — ty, q(ky, kx: 0))] -
n=1

The final term is the probability of not observing an event on (ty, T].
With discrete-time data sampled at equispaced intervals A our sample consists of a

collection of states {ky,..., ky} with N observations. The likelihood function is given by:
N
InLFT() = 3 InP (kn1,ku; A,6),
n=2

where P(k,[;A,0) denotes the (k,[) element of the transition matrix induced by 6.
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4.2. Single Agent Renewal Model: Empirical Results

We consider the single-agent binary choice (bus engine replacement) model. We first
estimate a continuous time version of the model using the same data Rust (1987) used to
estimate the original discrete time model. We then use the estimates to calibrate parameters
for Monte Carlo experiments.

The model allows for heterogeneity in move arrival rates across states. We begin with a
simpler model with a constant rate, A, = 1 for all k, as in ABBE. Next, we allow A to vary
freely and estimate it. Finally, we estimate the model with heterogeneous decision rates
where Ay, is the rate for buses with mileage states k = 1,2,..., |K/2] and Ay is the rate for
mileage states k = |K/2] +1,..., K. The parameters to estimate are 8 = (Ar, Ay, 7, B, 1),
which include the move arrival rates, the rate of mileage increase <, the mileage cost
parameter 8, and the engine replacement cost p.

The dataset consists of monthly bus mileage recordings and the months of bus engine
replacement. We provide statistics on the number of observations per bus group in Table 1.
The smallest time horizon per bus was 24 months (2 years) for group 1. The longest was
125 months (= 10 years) for groups 5-9. As reported by Rust (1987), engine replacement
occurred on average after 5 years (60 months) at over 200,000 miles. This provides a basis
for interpreting hazard rates in the continuous time model, where the dataset consists of

monthly observations spaced at equal intervals A = 1.

Bus Months

Group Buses Per Bus Bus-Months
1 15 24 360
2 4 48 192
3 48 69 3,312
4 37 116 4,292
5 12 125 1,500
6 10 125 1,250
7 18 125 2,250
8 18 125 2,250
Total 162 - 15,406

TasLE 1. Rust (1987) Sample Characteristics

We use the full-solution maximum likelihood approach to estimate the model. We
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fixed the discount rate at p = 0.05 and the number of mileage states at K = 90. The value
functions are obtained through value function iteration for each value of 6 in an inner loop
to within a tolerance of ey = 107! under the relative supremum norm. We maximized the
likelihood function in an outer loop using the L-BFGS-B algorithm (Byrd, Lu, and Nocedal,
1995; Zhu, Byrd, Lu, and Nocedal, 1997) with central finite difference derivatives with an
adaptive step size proportional to sld/ 3, with e; = 10~8. For robustness to local optima, we
took the estimates to be the parameter values which achieved the highest likelihood over
20 random starting values.

Although this approach is straightforward, it is computationally intensive. For each
iteration, it requires solving the fixed point problem for each trial value of 6 and for
small steps in the direction of each component of 6. Alternative methods, such as the
NEXP approach by Rust (1987), utilize analytical derivatives of the Bellman operator to
compute analytical derivatives of the log-likelihood function. Combined with the BHHH
algorithm (Berndt, Hall, Hall, and Hausman, 1974), which approximates the Hessian of the
log-likelihood via the outer product of scores using the information matrix identity, this
provides substantial computational savings in models with many parameters. Although the
Bellman operator in continuous time is differentiable, this requires computing analytical
derivatives of the matrix exponential with respect to individual components of the matrix
argument. These methods are computationally expensive, involving truncation of infinite
sums, evaluation of numerical integrals, or eigenvalue decompositions of high-dimensional
matrices (Magnus, Pijls, and Sentana, 2021). On the other hand, Newton-Kantorovich-type
methods could have particular advantages in the context of continuous time models, where
the Q matrix is typically very sparse, leading to sparse derivatives of the Bellman operator.

The estimated structural parameters and standard errors are reported in Table 2.
The first column of results corresponds to the model where we hold fixed A =1 (i.e,
Ax = AL = 1). In this model, the manager is assumed to make decisions on average once
per month, corresponding to the timing of decisions in a discrete time model. The second
column contains estimates for the model where we allow A to vary and estimate it (i.e.,

A = Axg = Ap). The final column reports estimates for the heterogeneous version of the
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model where Ay may differ from Ay.

In the variable A model, we can see that the estimated decision rates are quite different
from 1. Therefore, this provides an interesting setting in which to compare the estimated
costs and differences in interpretation. The variable A specification indicates a relatively
low rate of monitoring, with A =0.032 (vs. A = 1), but a higher cost of mileage, ,3 = —1.257
(vs. B = —0.533). When A is constrained to 1 (forcing monthly decision-making), the
model compensates by estimating a lower mileage cost to match the observed replacement
timing. A manager who checked frequently but with high mileage costs would replace the
engine more often than observed in the data.

In the heterogeneous model, there appears to be a slight decrease in the estimated
rate of monitoring in lower mileage states, with Ay, = 0.022 for lower mileage states
as compared to Ay = 0.033 in high mileage states. The estimated cost of mileage is
B = —1.711 and the cost of replacement is 1 = —9.643.

To choose between these three nested specifications, we carry out likelihood ratio
tests of the null hypotheses of homogeneity, Hy : Ay = A1, and decision rates on average
equal to monthly decisions in the discrete time model, Hy : A = 1. We fail to reject the
homogeneity restriction Ay = Ap, but strongly reject the specification with A = 1. It
appears to be important to let the rate of decisions vary as a parameter to be estimated,

but perhaps they are constant across mileage states in this setting.

4.3. Single Agent Renewal Model: Monte Carlo

Inspired by the estimates above, we conducted a Monte Carlo experiment using the model
with true parameters specified as follows: (Ay, Ay, 7y, B, 1) = (0.05,0.10,0.5, —2.0, —9.0).
We also report estimates of the cost ratio j/p = 4.5 which, as is common in discrete choice
models, is more precisely estimated in most specifications than  or u individually.

In the Monte Carlo, we estimate the model under several different sampling regimes
including full continuous-time data and discrete time data sampled at short and long
intervals A = 1 and A = 8. Recall that in the real dataset, A = 1 corresponds to a time

period of one month. In the simulation, we can interpret A = 8 as observing the manager’s
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Fixed A =1 Variable A Heterogeneous A

Est. S.E. Est. S.E. Est. S.E.

Decision rate (A) 1.000 - 0.032 (0.005) - -
Decision rate 1 (Ay) - - - - 0.022 (0.004)
Decision rate 2 (Ay) - - - - 0.033  (0.005)
Mileage increase () 0.526 (0.006) 0.526 (0.006) 0.526 (0.006)
Mileage cost (B) -0.533 (0.052) -1.257 (0.285) -1.711  (0.493)
Replacement cost () -8.081 (0.393) -8.072 (1.345) -9.643 (2.189)
Log likelihood -13947.55 -13938.51 -13937.66
Observations 15406 15406 15406
Test for Ho : )\L = AH =1

LR - 18.08 19.78

p-value - 0.00002 0.00005
Test for Hy : AL, = Ay

LR - - 1.70

p-value - - 0.1923

TaBLE 2. Model Estimates Based on Data from Rust (1987)

decision only once every 8 months. We simulate data over a fixed time interval [0, T| with
T = 120 months for each of M markets, with M varying from 200 to 3,200. Recall from
Table 1 that the maximum time horizon was T = 125, so our simulation time horizon is
slightly shorter. Similarly, in the actual dataset we observed M = 162 buses. Our simulated
small sample size is M = 200, and we increase that to M = 800 and then M = 3200 to
evaluate the large sample properties of the estimator.

For each specification, we report the mean and standard deviation of the parameter
estimates over 100 replications in Table 3. With the smallest sample size, M = 200, although
the rate parameters A1, Ay, and <y are quite precisely estimated in all cases—even with a
long time interval between discrete time observations—the cost parameters g and y are
overestimated. However, even still, they are overestimated in a way such that the ratio ./
is close to the true value. In large samples—as we increase the sample size to M = 800 and
M = 3200—all are parameters are estimated quite precisely and with little bias. The loss
of precision, measured by the standard deviations of the parameter estimates, is minimal
when moving from continuous-time data to discrete-time data with A = 1, but it becomes

more noticeable at A = 8.
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M  Sampling AL AH 0% B u o u/p
o DGP True 0.050 0.100 0.500 -2.000 -9.000 4.500
200 Continuous Mean 0.050 0.100 0.500 -2.050 -9.178 4.503
S.D. 0.007 0.008 0.004 0310 1.096 0.228

200 A =1.00 Mean 0.051 0.100 0.508 -2.079 -9.235 4.467
S.D. 0.007 0.008 0.004 0317 1117 0.222

200 A =8.00 Mean 0.051 0.100 0.508 -2.093 -9.284 4.471
S.D. 0.009 0.009 0.005 0.374 1.281 0.265

800 Continuous Mean 0.050 0.100 0.500 -1.988 -8.957 4.510
S.D. 0.003 0.005 0.002 0.121 0.427 0.099

800 A =1.00 Mean 0.051 0.101 0.508 -2.011 -8.999 4.479
S.D. 0.003 0.005 0.002 0.124 0433 0.098

800 A =8.00 Mean 0.051 0.100 0.508 -2.018 -9.020 4.474
S.D. 0.003 0.005 0.003 0.145 0.498 0.108

3200 Continuous Mean 0.050 0.100 0.500 -1.995 -8.999 4.511
S.D. 0.002 0.002 0.001 0.072 0.238 0.060

3200 A =1.00 Mean 0.051 0.100 0.508 -2.014 -9.025 4.484
S.D. 0.002 0.002 0.001 0.072 0.233 0.061

3200 A =38.00 Mean 0.051 0.100 0.508 -2.009 -9.004 4.485
S.D. 0.002 0.002 0.001 0.075 0.244 0.064

The mean and standard deviation are reported for 100 replications under several sampling regimes. For each

replication, M markets were simulated over a fixed time interval [0, T] with T = 120.

TaBLE 3. Single Agent Renewal Model Monte Carlo Results

5. Conclusion

In this paper, we developed new results on the theoretical and econometric properties of a
generalized instance of the empirical framework introduced by Arcidiacono, Bayer, Blevins,
and Ellickson (2016) for continuous time dynamic discrete choice games. We showed
that the rate of move arrivals can be identified, even in models where it is heterogeneous,
depending on the player identity or state, whereas previously it was assumed to be known.
We established equilibrium existence with heterogeneous players and state-dependent
move arrival rates, developed conditions for identification with discrete time data in the
more general model, explored these results in the context of three canonical examples
widely used in applied work, and examined the computational properties of the model as
well as the finite- and large-sample properties of estimates through a series of small- and

large-scale Monte Carlo experiments based on familiar models.
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A. A Continuous-Time Quality Ladder Model of Oligopoly Dynamics

To illustrate the application to dynamic games used in empirical industrial organization
we consider a discrete control version of the quality ladder model proposed by Ericson
and Pakes (1995). This model has been examined extensively by Pakes and McGuire (1994,
2001), Doraszelski and Satterthwaite (2010), Doraszelski and Pakes (2007), and others. The
model consists of at most N firms who compete in a single product market. The products
are differentiated in that the product of firm i at time ¢ has some quality level w;; € (),
where QO = {1,2,...,@,@ + 1} is the finite set of possible quality levels, with @ + 1 being
a special state for inactive firms. Firms with w;; < @ + 1 are incumbents. In contrast to
Pakes and McGuire (1994), all controls here are discrete: given a move arrival, firms choose
whether or not to invest to move up the quality ladder, rather than how much to spend to
increase their chances of doing so.

We consider the particular example of price competition with a single differentiated
product where firms make entry, exit, and investment decisions, however, the quality
ladder framework is quite general and can be easily adapted to other settings. For example,
Doraszelski and Markovich (2007) use this framework in a model of advertising where,
as above, firms compete in a differentiated product market by setting prices, but where
the state wj; is the share of consumers who are aware of firm i’s product. Gowrisankaran
(1999a) develops a model of endogenous horizontal mergers where w;; is a capacity level
and the product market stage game is Cournot with a given demand curve and cost
functions that enforce capacity constraints depending on each firm’s wj;.

To allow for firm and state heterogeneity in move arrival rates, we may think that some
tirms monitor the market more frequently in some states than others, and thus have a
higher move arrival rate A;;. We will suppose that the frequency of monitoring is related to
the quality of the firm’s product. We assume that firms with endogenously higher product
quality monitor the market more frequently than those with lower product quality and/or
potential entrants. We define “high product quality” as w;; > w". Therefore, we assume
that Aj; = Ap for incumbents with w;; < w! and for potential entrants with wj; = @ +1,

while A = Ay for incumbents with w;; > wh.
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A.1. State Space Representation

We make the usual assumption that firms are symmetric and anonymous. That is, the
primitives of the model are the same for each firm and only the distribution of firms across
states, not the identities of those firms, is payoff-relevant. By imposing symmetry and
anonymity, the size of the state space can be reduced from the total number of distinct
market structures, (@ + 1)N , to the number of possible distributions of N firms across @ + 1
states.!! The set of relevant market configurations is thus the set of ordered tuples of length
@ + 1 whose elements sum to N, denoted & = {(s1,...,5@+1) : Yisi=N,s; € Z*}, where
Z* is the set of nonnegative integers. In this notation, each vector w = (wy, ..., wnN) € QN
maps to an element s = (sy,...,5p41) € & with s; = Y\, 1{w; = j} for each j.

Each firm also needs to track its own quality, so payoff relevant market configurations
from the perspective of firm i are described by a tuple (w;,s) € Q) X &, where w; is
firm i’s quality level and s is the market configuration. For our implementation, we
map the multidimensional space () X & to an equivalent one-dimensional state space
F =A{1,...,|Q| x |S|} so that we can represent quantities in matrix-vector form and we

use pre-computed transition addresses to avoid re-computing continuation states.

A.2. Product Market Competition

Again, we follow Pakes and McGuire (1994) in assuming a continuum of consumers with
measure M > 0 and that each consumer’s utility from choosing the good produced by
firm i is g(w;) — pi + €, where g; is iid across firms and consumers and follows a type I
extreme value distribution. The ¢ function is used to enforce an upper bound on profits.

As in Pakes, Gowrisankaran, and McGuire (1993), for some constant w* we define

Wi if w; < w*,

wi —In(2 —exp(w* —wj)) if w; > w*.

Let 4;(w, p) denote firm i’s market share given the state w and prices p. From McFadden

B3 practice, we use the “probability density space” encoding algorithm described in Gowrisankaran
(1999b), to map market structure tuples s € § to integers x € .
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(1974), we know that the share of consumers purchasing good i is

exp(g(wi) — pi
si(w, p) = Np(g( i) — pi) ‘
1+ Y5, exp(g(wj) — pj)
In a market of size M, firm i’s demand is g;(w, p) = M3;.
All firms have the same constant marginal cost ¢ > 0. Taking the prices of other firms,

p—i, as given, the profit maximization problem of firm i is

max 7:(p, w)(pi —c).

Caplin and Nalebuff (1991) show that (in this single-product firm setting) there is a unique
Bertrand-Nash equilibrium, which is given by the solution to the first order conditions:

aq;
aZ(p,w)(pi —¢) +qi(p,w) = 0.

Given the functional forms above, the first order conditions become
—(p] — C)(l — d]') +1=0.

We solve this nonlinear system of equations numerically using the Newton-Raphson algo-
rithm to obtain the equilibrium prices and the implied profits 7t(w;, w_;) = q;(p, w)(p; — ¢)

earned by each firm 7 in each state (w;, w_;).

A.3. Incumbent Firms

We consider a simple model in which incumbent firms have three choices. Firms may
continue without investing at no cost, they may invest an amount « in order to increase
the quality of their product from w; to w; = min{w; + 1, @}, or they may exit the market
and receive some scrap value ¢. We denote these choices, respectively, by the choice set
F ={0,1,2}. When an incumbent firm exits the market, w; jumps deterministically to

@ + 1. Associated with each choice j is a private shock ¢;. These shocks are iid over
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tirms, states, choices, and time and follow a standard type I extreme value distribution
(Assumption 8).

For any market-wide state k € %, let wy = (wyq, ..., wiy) denote the corresponding
market configuration in QN In the general notation introduced above, the instantaneous

payoff ¢;jx to an incumbent firm i from choosing choice j in state k is

0 ifj=0,
ik = -« ifj=1,
p ifj=2

The state resulting from continuing (j = 0) is simply [(7,0,k) = k. Similarly, for
investment (j = 1), I(i,1,k) = k' where state k' is the element of 2" such that wy; =
min{wy; + 1, @} and wyy,, = wyy, for all firms m # i. Note that we are considering only
incumbent firms with wy; < @ + 1. Exiting is a terminal action with an instantaneous
payoff but no continuation value.

Each incumbent firm pays a constant flow fixed cost y while remaining in the mar-
ket, and receives the flow profits 7y = m(wy;, wy —;) associated with product market

competition. The value function for an incumbent firm in state k is thus

1
Vie = Tk =+ ) quVi+ ) Ak ) OmikVii(mjk
l P+ Zl;&k qr1 + Z%zl Ak < ! l;l:c ! n;i m ; mjk Vi,l(m,jk)

+Ai Emax {Vik + €iok, Vig(iip) — €+ ek @ + 8i2}> :

Conditional upon moving while in state k, incumbent firms face the maximization problem

max { Vi + €jo, —k + Vi + €i1, ¢ + €i2 } . The resulting choice probabilities are

S exp(Vik)
i0k exp(Vix) +exp(—x + Vi) +exp(¢p)’
exp(—x + Vip)
Uitk =

exp(Vix) + exp(—x + Vig) + exp(¢)’

ok = 1 — Ciok — Ting,
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where, as before, k' = 1(i, 1, k) denotes the resulting state after investment by firm i.

A.4. Potential Entrants

Whenever the number of incumbents is smaller than N, a single potential entrant receives
the opportunity to enter at rate Ay. Potential entrants are short-lived and do not consider
the option value of delaying entry. If firm i is a potential entrant with the opportunity to
move it has two choices: it can choose to enter (j = 1), paying a setup cost # and entering
the market immediately in a predetermined entry state w® € () or it can choose not to
enter (j = 0) at no cost. Associated with each choice j is a stochastic private payoff shock
Eijk- These shocks are iid across firms, choices, and time, and are distributed according to
the type I extreme value distribution (Assumption 8).

In our general notation, for actual entrants (j = 1) in state k the instantaneous payoff is
Pix = —n and the continuation state is I(i,1,k) = k' where k' is the element of # with
wyi = w® and wy,, = wy,y, for all m # i. For firms that choose not to enter (j = 0) in state
k, we have ;or = 0 and the firm leaves the market with no continuation value. Thus, upon

moving in state k, a potential entrant faces the problem
max {ejok, —17 + Vie + €1}

yielding the conditional entry-choice probabilities

__exp(Viw — 1)
T+exp(Vig — 1)’

ik

A.5. State Transitions

In addition to state transitions resulting directly from entry, exit, or investment decisions,
the overall state of the market follows a Markov jump process. At rate 7, the quality of each
firm i jumps from w; to w! = max{w; — 1,1}. This represents an industry-wide negative

demand shock, which can be interpreted as an improvement in the outside alternative.
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A.6. Monte Carlo Experiments

To complement the main Monte Carlo experiments in Section 4, here we carry out another
set of simulations using the quality ladder model described above. Table 4 provides an
overview of the model specifications. The table covers models with player counts ranging
from N = 2 with K = 56 states to N = 30 with K = 58,433, 760 states. We keep the number
of possible quality levels fixed at @ = 7. For simplicity, the quality level threshold for the
decision rate is set to match the entry-level quality, with w" = w® = 4. As the number of
potential players (N) increases, we adjust the market size (M) to ensure that the average
number of active players (11ayg) grows accordingly. Additionally, we report K, the number

of distinct (w;, w) state combinations in 2, from the perspective of player i.

N @ K M Obtain V
2 7 56 0.40 0.15
4 7 840 0.60 0.27
6 7 5544 0.75 0.65
8 7 24,024 0.85 3

10 7 80,080 0.95 10

12 7 222,768 1.05 30

14 7 542,640 1.15 79

16 7 1,193,808 1.20 199

18 7 2,422,728 1.25 422

20 7 4,604,600 1.30 882

22 7 8288280 1.35 1648

24 7 14,250,600 1.40 2964

26 7 23,560,992 1.45 6481

28 7 37,657,312 1.50 10804

30 7 58,433,760 1.55 17712

N denotes the number of players (including potential entrants), @ denotes the number of quality levels, K
denotes the total number of distinct states, M denotes the market size, and “Obtain V” denotes the time in
seconds required for value iteration convergence. Computational times are wall clock times using GNU
Fortran 12.2 on a 2019 Mac Pro with a 2.5 GHz 28-Core Intel Xeon W processor.

TaBLE 4. Quality Ladder Model Monte Carlo Specifications

The final column of Table 4 compares the computational time required (wall clock
time) for obtaining the value function across specifications. This step is necessary to either
generate a dataset or to simulate the model (e.g., to perform counterfactuals). We used

value function iteration where the stopping criterion is that the choice probabilities have
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converged to within a tolerance of ¢, = 1078 in the supremum norm.

To put the computational times in perspective, Doraszelski and Judd (2012) noted that
it would take about one year to just solve for an equilibrium of a comparable!? 14-player
game using the Pakes-McGuire algorithm. Similar computational times are reported
in Doraszelski and Pakes (2007). However, it takes just over one minute to solve the
continuous-time game with 14 players and 542,640 states. Even in the game with 30 players
and over 58 million states, obtaining the value function took under 5 hours. We note that
this would still render full solution estimation infeasible, but when estimating the model
using two-step methods such as in ABBE or Blevins and Kim (2024), one may only need to
carry out this step once, after estimation, for simulating a counterfactual. Overall, these
computational times suggest that a much larger class of problems can be estimated and
simulated in the continuous-time framework.

Table 5 summarizes the results of our Monte Carlo experiments. We estimate the
structural parameters (Ar, Aw, v, &, 4, 4). The true parameter values, which are also shown
in the table, are (Ay, Ay, v, %,1,1) = (1.0,1.2,0.4,0.8,4.0,0.9). Because we estimate firm
fixed costs u, we set the scrap value received upon exit equal to zero (¢ = 0).

We first used samples containing N = 10,000 continuous time events. In this case,
we observe the time of each event, the identity of the player, and the action chosen. For
each specification, we also report results for estimation with discrete time data with a
fixed sampling interval of A = 1 and N = 10,000 observations. In this case, we must
calculate the matrix exponential of the Q matrix at each trial value of 6. To do so, we use
the uniformization algorithm as described in Sherlock (2022). Because this matrix is high
dimensional, but sparse, we adapted the algorithm to use sparse matrix methods, and we
precomputed the locations of the non-zero elements to improve the computational speed.

For each replication, we used L-BFGS-B (Byrd et al., 1995; Zhu et al., 1997) to maximize
the log-likelihood function and used ¢, = 10~ as the tolerance for value function iteration,

checking convergence using the sup norm of the choice probabilities.!> As before, we use

12The times reported by Doraszelski and Judd (2012) are for a model with @ = 9 but with no entry or exit,
which for a fixed value of N, is roughly comparable in terms of dimensionality to our model with @ = 7,
which includes entry and exit.

13Because of the time required to complete many replications of each specification, and because the
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N K Sampling AL AH % K n U
DGP True 1.000 1.200 0.400 0.800 4.000 0.900

2 56 Continuous Mean 0.997 1.196 0.400 0.796 3.988 0.899
S.D. 0.015 0.020 0.010 0.032 0.137 0.021

A=10 Mean 1.021 1.223 0.399 0.801 3.932 0.914

S.D. 0.177 0.181 0.007 0.283 0.841 0.063

4 840 Continuous Mean 0999 1.199 0.397 0.806 4.030 0.897
S.D. 0.013 0.018 0.014 0.033 0.160 0.022

A=10 Mean 0998 1.197 0400 0.781 3.948 0.902

S.D. 0.114 0.113 0.006 0.180 0.456 0.040

6 5544 Continuous Mean 1.001 1.198 0.399 0.798 4.012 0.900
S.D. 0.014 0.018 0.016 0.035 0.144 0.021

A=10 Mean 1.004 1.207 0.399 0.805 4.017 0.901

S.D. 0.087 0.088 0.006 0.135 0.330 0.032

24,024 Continuous Mean 1.000 1.201 0.400 0.802 4.027 0.899
S.D. 0.013 0.017 0.018 0.033 0.149 0.023

A=10 Mean 1.012 1.213 0400 0.814 4.030 0.905

S.D. 0.082 0.083 0.005 0.125 0.292 0.030

o]

TaBLE 5. Quality Ladder Model Monte Carlo Results

central finite difference derivatives with an adaptive step size proportional to 331/ 3, with
gq = 1078,

We took the estimates to be the parameter values which achieved the highest likelihood
over 3 distinct starting values. Each replication involves a parameter search and each
parameter evaluation solves a full solution problem for accuracy.!* Although this is
computationally costly, it allows us to focus on identification, computation, and estimation
under time aggregation in a setting without additional tuning parameters and two-step
estimation error.

The estimates are reasonably accurate and precise in all specifications, including the
firm heterogeneity in move arrival rates. As expected, we can see that the precision is
decreased (standard errors are increased) in most cases due to the information lost with

only discretely sampled data. Although the standard errors are larger than those with

specification has undergone a revision, we have limited our consideration to models up to N = 8 players and
K = 24,024 states for the Monte Carlo experiments.

14To ease the computational burden, we store up to 100 previous value functions and associated parameter
values. Then for each trial value of 6, we search for the closest (in Euclidean distance) previous parameter
values and use the associated value function as the starting value for value function iteration.
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continuous time data, they are still reasonably small.

B. Proofs

Proof of Theorem 1. First, note that the best response condition in (3) is equivalent to the

following inequality condition:
(15) bi(k,eix, 03) = j <= Wik + €ijk + Viuijn) (1) = i + i + Vigijjo (01)  Vj' € 7.
Define the mapping Y : [0, 1]N>*/*K — [0, 1]N*/*K by stacking best response probabilities:

Yij(0) = /1 {Sij'k —&ijk < Wik — Yijk + Vi (0-i) = Vigajjo(0-i) Vi € fi} f(eix) dei-

Y is a continuous function from a compact space onto itself, so By Brouwer’s theorem, it
has a fixed point. The fixed point probabilities imply stationary Markov strategies that

constitute a Markov perfect equilibrium. n

Proof of Theorem 2. Given a collection of equilibrium best response probabilities {o;}Y ,

we arrived at the linear operator for the value function V;(c;) in (8). As noted, Lemma 1
guarantees that the difference V;(; ;1) (0i) — Vi ¢ (0i) can be expressed as a function of
payoffs and choice probabilities ¢; and so we can write C; as a function of only conditional
choice probabilities and payoffs (i.e., it no longer depends on the value function).

Noting that V; = I';(V;) and restating (8) to collect terms involving V;(o;) yields

N
Vi(oi) |pilc + ) LIk — Zm(om)] — Qo| = ui + LiCi(03).

m=1

The matrix in square brackets side is strictly diagonally dominant: for each m p,, > 0 by
Assumption 2, L, is a diagonal matrix with strictly positive elements by Assumption 3,
X (0m) has elements in [0,1] with row sums equal to one, and elements of Qp satisfy
|9kk| = YLi4k |qx| in each row k. Therefore, by the Levy-Desplanques theorem (Horn and

Johnson, 1985, Theorem 6.1.10) this matrix is nonsingular. [ |
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Proof of Theorem 3. To establish generic identification of Q we specialize the proof of Theo-
rem 1 of Blevins (2017) to the present setting. In this setting, P(A) is identified and is the
solution to the Kolmogorov forward equations while Q is a matrix of unknown parameters
with gy for | # k being the hazard of jumps from state k to state /. The unique solution
to this system is the transition matrix P(A) = exp(AQ), which has the same form as the
matrix B in equation (3) of Blevins (2017) and Q in this model is analogous to A in (1).

For the K x K matrix Q = (g4), we denote vec(Q) as the vector obtained by stacking the
columns of Q: vec(Q) = (q11,921,---,9K1, - - -, §1K/ - - - ,GkK) | - Gantmacher (1959) showed
that all solutions Q to exp(AQ) = P(A) have the form Q = Q + UDU!, where U is a
matrix whose columns are the eigenvectors of Q and D is a diagonal matrix containing
differences in the complex eigenvalues of Q and Q. This means that both the eigenvectors
U and the real eigenvalues of Q are identified.

Any other such matrices Q must also satisfy the prior restrictions, so Rvec(Q) = r.
By the relationship between Q and Q above, we have Rvec(Q + UDU™!) = r. But
Rvec(Q) = r and by linearity of the vectorization operator, Rvec(UDU!) = 0. An
equivalent representation is R(U~ " @ U) vec(D) = 0.

Since Q is an intensity matrix with row sums equal to zero, it has one real eigenvalue
equal to zero and at most K — 1 complex eigenvalues. The vector of ones is a right
eigenvector of Q with zero as the eigenvalue. In this case, the number of required
restrictions on Q is reduced to | (K —1)/2] because we know Q has at least one real
eigenvalue. When there are at least [ (K —1)/2] linear restrictions and R has full rank,
then D must be generically zero and therefore the eigenvalues of Q and Q are equal. If
the eigenvectors and all eigenvalues of Q are the same as those of Q, the matrices must be
equal and therefore Q is identified.

Under the assumptions the number of distinct states in the model is K = KoKV.
Therefore, we will require at least | (K — 1) /2] linear restrictions of the form Rvec(Q) =r
where R has full rank. We proceed by showing that the present model admits an intensity
matrix Q with a known sparsity pattern and so we can use the locations of zeros as

homogeneous restrictions, where r will be a vector of zeros.
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Recall that each player has | choices, but j = 0 is a continuation choice. This results in
] — 1 non-zero off-diagonal elements per row of Q per player. There are at most Ky — 1
non-zero off-diagonal elements due to exogenous state changes by nature. The only other
non-zero elements of each row are the diagonal elements and therefore there are at least
K—N(J—1)—(Kog—1) —1 = Kok¥ — N(J — 1) — K¢ zeros per row of Q. The order
condition is that the fotal number of zero restrictions is at least | (K — 1) /2. For simplicity,
it will suffice to show that there are K/2 > | (K — 1) /2] restrictions. Summing across rows,
this condition is satisfied when (KoKI¥)(KoKY — N(J — 1) — Ko) > KoKV /2. Simplifying
yields the sufficient condition in (14).

In terms of the restrictions required by Theorem 1 of Blevins (2017), the restrictions we
have generated all involve single-element zero restrictions on vec(Q) in distinct locations,
therefore the restriction matrix has full rank.

The derivative of the left-hand-side of (14) with respect to K is K{\I — 1. This value is
always non-negative, since K; > 1, and is strictly positive when K; > 1. The derivative
with respect to Ky is NKoKN~!. This value is always strictly positive since Ky > 1 and

K; > 1. Finally, the derivative with respect to | is —N. |
Proof of Theorem 4. Under Assumption 8, note that h;j = Aj0jjx and, recalling the choice
probabilities in (4), differences in log hazards can be written as

Inhij — Inhjor = Inoye — Inoior = Yije + Vi i) — Vir
Rearranging, we have

Inhjp = Inhiox + Pik + Vi ik — Vi

The hazards on the left hand side for j = 1,...,] — 1 are identified from Q under Assump-

tion 10, while the quantities on the right-hand side are unknowns to be identified.
Define S;; to be the state transition matrix induced by the continuation state function

I(i,],-). In other words, S;; is a permutation matrix where the (k, ) element is 1 if playing

action j in state k results in a transition to state / and 0 otherwise. Stacking equations
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across states k and choices j gives:

r b lnhio
k|Ik 0 ... 0| Sy—Ik
Inhjy Vi
. . k|0 Ix ... 0| Sp—Ik _
. S : .
vl k|0 0 ... Ig|Siy1—Ik &
— v

Define X; to be the partitioned matrix above. This system has (] — 1)K equations with
(] + 1)K unknowns: K unknown log hazards Inh;y, (] — 1)K unknown instantaneous
payoffs ¥;;, and K unknown valuations V;.

Under Assumption 6, for any action j > 0 in any state k, the continuation state is
different from k. Therefore, the diagonal elements of S;; are all zero and S;; — I has full
rank for each j > 0, and these blocks are linearly independent across j. This means that X;
has rank (] — 1)K.

The augmented system with R; and r; denoting linear restrictions on the unknowns is:

In hl.+
Ti

Since X; has rank (] — 1)K, we need 2K additional full-rank restrictions for the aug-

In h?
X

Vi
R;

i

mented matrix to have full column rank (J + 1)K. When this rank condition is satisfied,

the system has a unique solution and h?, Y;, and V; are identified. [ |

Proof of Theorem 5. In light of the linear representation in (9), we have
ui = Bi(Q)V;i — LiCi(i),

where E;(Q) is the matrix function defined in (10).

Under the maintained assumptions, V;, ¢;, and h; can be identified for each player by
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Theorem 4. Since all choice-specific hazards h;j; are identified for all choices (including
j = 0), recalling that h;x = Ay0jj, the choice probabilities are also identified: o =
hij/ 2]1;10 hi]-/k. Therefore, all quantities on the right-hand side of the equation for u; are

known, and u; can be obtained directly. n
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